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Zirconia based ceramics are strong, hard, inert, and smooth, with low thermal
conductivity and good biocompatibility. Such properties made zirconia ceramics an ideal
material for different applications form thermal barrier coatings (TBCs) to biomedicine
applications like femoral implants and dental bridges. However, this unusual versatility
of excellent properties would be mediated by the metastable tetragonal (or cubic)
transformation to the stable monoclinic phase after a certain exposure at service
temperatures. This transformation from tetragonal to monoclinic, known as LTD (low
temperature degradation) in biomedical application, proceeds by propagation of
martensite, which corresponds to transformation twinning. As such, tetragonal to
monoclinic transformation is highly sensitive to mechanical and chemomechanical
stresses. It is known in fact that this transformation is the source of the fracture
toughening in stabilized zirconia as it occurs at the stress concentration regions ahead of
the crack tip.
This dissertation is an attempt to provide a kinetic-based model for tetragonal to
monoclinic transformation in zirconia. We used the phase field technique to capture the

temporal and spatial evolution of monoclinic phase. In addition to morphological
patterns, we were able to calculate the developed internal stresses during tetragonal to
monoclinic transformation. The model was started form the two dimensional single
crystal then was expanded to the two dimensional polycrystalline and finally to the three
dimensional single crystal. The model is able to predict the most physical properties
associated with tetragonal to monoclinic transformation in zirconia including:
morphological patterns, transformation toughening, shape memory effect,
pseudoelasticity, surface uplift, and variants impingement. The model was benched
marked with several experimental works. The good agreements between simulation
results and experimental data, make the model a reliable tool for predicting tetragonal to
monoclinic transformation in the cases we lack experimental observations.
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INTRODUCTION

During the last century, stabilized zirconia ceramics having tetragonal and cubic
variants became one of the most important ceramics in many mechanical and chemical
structures requiring combination of strength, fracture toughness, low thermal
conductivity, and probably good ionic conductivity. Such applications can be
exemplified by low temperature applications such as hip joint prostheses in biomedicine,
and high temperature applications such as thermal barrier coatings in aircraft and jet
engines and electrolyte in solid oxide fuel cell production [1].
However, this unusual versatility of excellent properties mediated by the
metastable tetragonal (or cubic) phase may systematically degenerate by an undesirable
transformation to the stable monoclinic phase after a certain exposure at service
temperatures. This transformation from tetragonal to monoclinic (T→M), known as LTD
(low temperature degradation) in biomedical application, proceeds by propagation of
martensite, which corresponds to transformation twinning [1]. As such, T→M is highly
sensitive to mechanical and chemomechanical stresses. It is known in fact that this
transformation is the source of the fracture toughening in stabilized zirconia as it occurs
at the stress concentration regions ahead of the crack tip [2].
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In light of this important role that T→M plays in the degradation of many zirconia
ceramics, one may understand why this transformation has been the most document
allotropic transition in the literature of ceramics.
For decades two different modeling approaches have been adopted in studying the
T→M transformation: thermodynamic based models and crystallographic based models.
Each of these approaches explains some aspects of T→M transformation.
Thermodynamic based models [3–7] mainly provide some information about the onset of
transformation temperature during cooling or heating, and they account for the effect of
grain size on the transformation kinetics. On the other hand, crystallographic
phenomenological theory [8–13] is mainly capable of capturing the crystallography of
transformation, such as the habit planes and the orientational relationship between the
parent and product phases. None of these approaches, however, are capable of predicting
the transformation kinetic and volume fraction of the parent and products at different
temperatures. They can neither simulate the effects of boundary constraints on the
transformation patterns, and size and shape of product phases. Therefore a mathematical
model is needed to give the information that classical methods cannot capture. In this
dissertation we used the phase field technique, based on its successful history in modeling
different microstructural evolution form solidification to solid state phase transition
[14,15], to capture both thermally and stressed induced transformation in zirconia. Before
we explore the phase field modeling of tetragonal to monoclinic transformation in
zirconia we need to get more familiar with the concept of phase transformation and its
terminologies with emphasis on martensitic transformation (as tetragonal to monoclinic
transformation in zirconia is in this category).
2

1.1

General features of phase transformations
A phase is a portion of a system bounded by surfaces with a reproducible and

distinctive structure or composition. Minor fluctuation in structure and/or composition
may happen within one phase. Phase transformations can be classified based on
thermodynamic, kinetic, and mechanistic (structural) criteria [16].
1.1.1

Classification based on thermodynamic
Ehrenfest [17] proposed a classification based on the continuity or discontinuity

of a thermodynamic potential differentiation, usually Gibbs free energy, with respect to
external variables like temperature or pressure. The order of transformation is the lowest
derivative which shows a discontinuity at transition point. In modern literature phase
transformations are classified as; first order, second order, and high order
transformations. First order transformations are characterized by discontinuous changes
in entropy, enthalpy, and specific volume. While second order transformations are
characterized by the absence of a latent heat of transformation and high specific heat at
the transition temperature (Figure 1.1).
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(a)

(b)

Figure 1.1

1.1.2

Changes in thermodynamic quantities, free energy, specific volume,
enthalpy, entropy, and specific heat, at transition temperatures
corresponding to (a) first order and (b) second order phase transformations
[18].

Classification based on mechanisms
Buerger [19] introduced a classification for solid phase transformations based on

mechanisms, namely, reconstructive and displacive transformations. In recent literatures
they are diffusional and displacive respectively. In diffusional (reconstructive)
transformations the atom movements from the parent to the product lattice sites occur by
random diffusional jumps. In this case atoms’ bond break at the transformation front and
the product phase will be reconstructed by placing the incoming atoms at the appropriate
positions which results in the growth of the product lattice.
In contrast, in displacive transformations the atomic movements come from a
homogeneous distortion, shuffling of lattice planes, static displacement waves, or a
combination of them. All these displacive modes involve cooperative movement of large
number of atoms in a diffusionless process. Displacive transformations (which

4

martensitic is one of them) start form a nuclei and then progress by movement of a shear
front at the speed that approaches the speed of sound in the materials under consideration.
In order to differentiate the mechanism of atom movements across the
transformation front, Christian [20] has compared the movements involved in diffusional
and displacive transformations with civilian and military movements, respectively. In the
military case if the atoms are labeled in the parent lattice, the coordination between the
neighbors can be shown to be essentially retained in the product lattice, though the bond
angles undergo changes. This kind of relationships in which straight lines transform to
straight lines and planes to planes is described mathematically as an affine
transformation. Physically it may be considered as a homogeneous deformation of one
lattice into the other.
In diffusional transformations such lattice correspondences are not present. Even
in those cases of diffusional transformations in which the chemical composition of parent
and the product are identical and a strict orientation relationship exist between them.

5

(a)

(b)
Figure 1.2

1.1.3

Schematic diagram of atom movements across the transformation front in a
(a) displacive transformation; (b) diffusional transformation [16].

Classification based on kinetics
Kinetics of the process is also a factor in grouping the transformations. The most

important kinetic criterion is the requirement of the thermal activation. First order
transformations necessarily occur by the nucleation of the interface between the parent
and the product phase. The movement of the interface can be either thermally activated or

6

athermal. The atom transform process across the interface is thermally activated in the
former case, while it does not require the assistance of thermal fluctuations in the latter.
Le Chatelier was the first one who originated the kinetic classification. He divided
them in to two categories; (a) rapid or non-quenchable and (b) sluggish or quenchable.
Transformations belonging to the former class are too fast that the parent phase, which is
stable at higher temperature (or high pressure), cannot be retained by a rapid quench to
ambient condition. While, sluggish transitions are slow to the extent that the high
temperature (or high pressure) phase can be retained metastably on quenching. The basic
idea behind this classification scheme also center around the requirement of thermal
activation. All true displacive transformations are athermal. However, reconstructive or
diffusional transformations are invariably thermally activated. Figure 1.3 shows a
flowchart which can be used for classification of phase transformations.

7

Figure 1.3

Classification tree based on appropriate questions at different levels [16].
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1.2

Martensitic transformation
Martensitic transformation occur in several materials form pure metals such as Fe,

Co, Hg, Li, Ti, Zr, U, and Pu to oxide and intermetallic components such as ZrO2,
BaTiO3, V3Si, Nb3Sn, NiTi, and NiAl [16].
Martensitic transformations are grouped in displacive transformations and belong
to the subset which involves the operation of a lattice deformation. The characteristic
features of martensitic transformations are described in following section to provide the
background for the discussion on martensitic transformation in ZrO2.
1.2.1
1.2.1.1

General features of martensitic transformations
Thermodynamic
The main condition for a martensitic transformation is the similarity of

composition of parent and product phase. Martensitic transformation driving forces are
the chemical free energy difference of parent and product and external stresses.
Martensitic transformation will happen when driving forces overcome opposing energy
components including: (a) interfacial energy between parent and product, (b) the elastic
energy stored in the martensite-parent assembly to accommodate the shape change
accompanying the transition, (c) energy dissipated in plastic deformation of the both
martensite and the parent phase, and (d) the driving force required for the rapid
propagation at the martensite interface.
Martensitic transformations are a first order transformation and like all first order
transformations do not start at equilibrium temperature, Teq, (temperature at which Gibbs
energies of parent and product are equal), but will initiate if some super cooling is
provided. The temperature at which a martensitic transformation starts is known as the
9

Ms temperature. The difference, Teq-Ms, indicates the extent of supper cooling required to
initiate the transformation.
1.2.1.2

Crystallography
The crystal geometry of various martensitic transformations are governed by

invariant plane strain (IPS). The important geometrical features of martensitic
transformations are listed below:
1. The formation of martensite plane creates surface uplift on a polished
reference surface of the parent grain.
2. In martensitic transformation, habit planes (planes separating the
martensite and the parent) are undistorted and unrotated plane (invariant
plane).
3. The habit plane which is seems to be the characteristic of specific
transformation is generally irrational.
4. A precise reproducible orientation relation is always exist between parent
and martensite.
5. Martensite plates very often contain a periodic arrangement of internal
twins.
In martensitic transformation the total macroscopic phase strain (S) which has to
satisfy the IPS (invariant plane strain) criterion has three components: (1) a lattice strain
(B) which transforms parent lattice into the martensite lattice, (2) a lattice invariant shear
(P), either slip or twinning, which establishes the undistorted plane, and (3) a rigid body
rotation (R) which ensures that the undistorted plane is unrotated as well, S=RPB.

10

Figure 1.4

1.2.1.3

Schematic illustration of crystallographic correspondences between parent
and martensite [1].

Kinetics
Being a first order type transformation, martensitic transformations occur by the

nucleation and growth process. The overall kinetic of transformation in most cases are
athermal. Martensitic transformation begins at the Ms temperature on cooling. The extent
of transformation progressively increase with lowering of temperature and it finally attain
the complete transformation at the temperature Mf, which is known as the martensite
finish temperature (Figure 1.5 a).
In some cases of athermal martensitic transformation, the volume fraction of
martensite at Ms shows a sharp rise in a burst, as shown in Figure 1.5 (b); therefore the
start temperature is designated as burst temperature (Mb). The time taken to reach the
11

indicated martensite at any given temperature between Ms and Mf is very short and longer
holding at the same temperature does not result in further increase in martensite volume
fraction. In another variety of martensitic transformations, overall isothermal
characteristics are exhibited in the overall transformation kinetics (c). In this case,
although the growth of martensite units occur by the characteristic athermal movement at
glissile interface, the process of nucleation is thermally activated.

Figure 1.5

Kinetics of the martensitic transformation as a plot of fraction transformed
versus temperature for athermal martensite (a), athermal burst martensite
(b), and overall transformation kinetics for isothermal martensite (c).
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1.3

Thesis organization
In chapter two, a comprehensive review on different phase field techniques for

martensitic transformations is presented. Phase field models have been categorized in
three groups based on their order parameters selection and strain coupling. Review shows
several works have been done on cubic to tetragonal phase transformation, however no
phase field simulation has been suggested for tetragonal to monoclinic transformation.
In chapter three, a 2D phase field model for thermally induced tetragonal to
monoclinic (T→M) transformation in a single crystal is developed. The symmetry
reduction and orientation relationship between the parent and product phases were
simulated using several non-conserved order parameters representing different
transformation paths. Inhomogeneous and anisotropic elastic properties were considered
to determine the resultant elastic stresses.
In chapter four, a 2D phase field model for stress induced tetragonal to
monoclinic transformation in a single crystal is developed. The effect of stress on T→M
transformation was captured by explicitly applying stresses on the computational domain
by entering them in the mechanical equilibrium equations as boundary conditions. The
model was applied to the transformation toughening phenomenon in zirconia and it was
able to elucidate the mechanisms of phase transformation ahead of a crack tip including
the generation of a compressive stress field responsible for retardation of further crack
growth.
In chapter five, a phase field model for incorporating the process of T→M
transformation in an elastically anisotropic and inhomogeneous polycrystalline zirconia is
presented. The model was constructed to be both temperature and stress sensitive, in an
13

effort to capture the main physical and mechanical characteristics of autocatalytic
transformation, shape memory effect, and pseudoelasticity occurring in tetragonal
polycrystals.
In chapter six, the above phase field models are extended to a three dimensional
model. Twelve different order parameters have assigned to all possible monoclinic
variants. The elastic inhomogeneity was considered not only between tetragonal and
monoclinic variants but also between different variants of monoclinic too.
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CHAPTER II
A REVIEW ON PHASE FIELD MODELING OF MARTENSITIC PHASE
TRANSFORMATION

(Computational Materials Science 77, 2013, 304–311)
2.1

Abstract
In the last few decades, the phase field method has shown tremendous capabilities

of predicting microstructure evolutions at the mesoscale scale. This method was widely
used for modeling martensitic phase transformation, where the displacive character was a
challenging problem for the counterpart sharp interface approach. Martensitic phase
transformation, which is an invariant plane stress twinning, drives a myriad of phase
transition phenomena of paramount importance to many structural applications. This
article provides a literature review of the past phase field modeling studies used to
capture the formation and growth of martensite.
2.2

Introduction
Recently, the phase field method has been used as a powerful computational tool

for modeling and predicting morphological and microstructural evolution in materials
whether they are crystalline or amorphous [1]. Most material microstructures consist of
grains or domains which differ in structure (e.g. particles), orientation (e.g.
crystallography) or chemical composition (e.g. solid solution). Materials scientists
17

frequently have aimed to improve materials properties by a better understanding of the
overriding mechanisms driving the microstructural transformations. Under a given
boundary condition, these transformations depend essentially on the composition, and
topology of each microstructural feature. Therefore, an in-depth understanding of the
physics of these transformations may enable a reliable prediction and an improved
control of microstructural design.
Different phase field models have been developed and used for simulating
microstructural evolutions in a wide variety of material processes, such as solidification
[2–9], solid-state phase transformations [10–16], precipitate growth and coarsening [17–
20], martensitic phase transformations [12,21–23] and grain growth [24–27]. A phase
field model must first describe the microstructure, and this is possible by using a set of
conserved and/or nonconserved field variables that are continuous across the interfacial
regions separating the neighboring phases or structures. Second, the evolution of these
field variables must be determined by applying the temporal and spatial evolution of the
field variables, which are governed by the Cahn-Hilliard nonlinear diffusion equation
[28] and the time dependent Ginzburg-Landau (Allen-Cahn) relaxation equation [29,30].
When the fundamental thermodynamics and kinetics data are available (or determined by
lower scale modeling), the phase field method is capable of predicting the evolution of
arbitrary morphologies and complex microstructures without explicitly tracking the
position(s) of interface(s) [11].
The phase field method has a phenomenological character, and the equations for
the evolution of the phase field variables are derived based on general thermodynamics
and kinetics principles. However, they do not explicitly deal with the behavior of the
18

individual atoms. As a consequence, material specific properties must be introduced into
the models through phenomenological parameters, which are determined based on
experimental and theoretical information [31].
The growth of phase field modeling in the last two decades inspired publications
of several review papers [1,3,32–38]. Most of these review papers, however, were allpurpose orientated and only provided an overview of phase field applications in different
material processes, such as solidification, solid state phase transformation, etc. In 2002,
L.Q. Chen [1] reported basic concepts of phase field modeling and its applications by
collecting the papers written on or before 2002. At the same year, Boettinger et al. [3]
provided a review on phase field applications in solidification. In 2008, Emmerich [35]
published a review on phase field applications on all fields of condensed-matter physics
including the conceptual background of phase field method. In 2009, Steinbach [37]
offered historical reviews on phase field modeling with a special emphasis on multiphase-field method. In 2010, Wang and Li [38] published a comprehensive review paper
on phase field applications in modeling material defects and deformations with special
emphasis on the treatment of the displacive degrees of freedom and coupled displacivediffusional processes. In this review paper, we provide an appraisal on phase field
modeling of martensitic phase transformation (MPT), which is unprecedented.
MPT is observed in several materials at various temperatures[39] and often causes
a drastic change of properties [40], which could be highly beneficial or highly harmful as
well [40]. MPT is a spontaneous crystal lattice rearrangement of a parent phase into a
product phase. Transformation driving forces can come from Gibbs free energy
differences between the parent and the product, or from the external applied loads. Due to
19

lattice changes, this transformation is followed by generation of strain in the domain
which is a hindrance for transformation. A real model for MPT should take into accounts
both thermodynamics and induced-strain of transformation. At the present time, the phase
field method seems to provide a powerful tool for simulating MPT.
In the following section we provide a summery on Landau theory of phase
transformation to elucidate some basics concepts and terminologies. In section 3, three
different phase field modeling approaches developed based on the Ginzburg-Landau
theory for studying MPT will be reviewed.
2.3

Landau theory of phase transformation
In 1937, Landau proposed a phenomenological theory for second order phase

transformations [30], a phase transformation at which the second derivative of free
energy with respect to temperature is discontinuous at the transition temperature
(transition point). To describe his theory, Landau introduced a new thermodynamic
quantity named order parameter, which was defined to be zero above the transition
temperature and non-zero below the transition temperature. The emergence of an order
parameter is accompanied by certain symmetry breaking. Different systems and phase
transformations have different order parameters which can be scalars, vectors, tensors or
more complex quantities. An order parameter is an internal variable of the system which
characterizes the phase transformation and takes different values in different phases. For
example the order parameter for a liquid-vapor phase transformation is the density
difference between the liquid and the gas, and for a ferromagnetic phase transformation,
the order parameter is magnetization.

20

Landau assumed that the free energy density of a system near the transition
temperature can be expressed in a power series of an order parameter,  :

f ( ,T )  f 0  A  B 2  C 3  D 4 

(2.1)

where f 0 represents the energy of the system at the high temperature phase, and
other coefficients may be functions of temperature. A phase is stable only if

f
2 f
0
 0,
2
 



0
0

,

(2.2)

therefore, for the high temperature phase to be stable, A must be zero and B>0.
The high temperature phase (  0 ) is a metastable phase at temperatures lower than the
transition temperature (TC), so B must be negative for temperatures lower than TC.
Consequently, B changes its sign at TC and the simplest assumption for B is:

B  b(T  TC ) ,

(2.3)

where b is a positive constant. In addition, for a continuous phase transformation,
f must increase with  at TC, so C=0 and D>0 [41]. Consequently, the simplest model

for a second order phase transformation is:

f  f 0  b(T TC ) 2  D 4

,

(2.4)

which is known as 2-4 second order phase transformation polynomial (Figure
2.1).
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Figure 2.1

Free energy density ( f  f 0 ) as a function of order parameter for the case
of 2-4 second order phase transformation polynomial; b=0.04, D=0.2,
TC=300 K.

Devonshire extended the Landau theory for first order phase transformations [42–
44]. First order phase transformations are those in which the first derivative of the free
energy with respect to temperature is discontinuous at transition temperature. Devonshire
suggested a free energy polynomial in such a way that at the high temperature phase (
  0 ) it has only one minimum, at low temperatures it has two minimum at non-zero

order parameter corresponding to the low temperature phase, and at an intermediate
temperature it has minimum at both phases. Considering these restriction, Devonshire
came up with the following polynomial (known as 2-4-6 first order phase transformation
polynomial – Figure 2.2):
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f  f 0  b(T TC ) 2  D 4  F 6

,

(2.5)

where b, D, F and TC are positive constants. In this case transition occurs at:

TI  TC 

D2
4bF .

Figure 2.2

(2.6)

Free energy density ( f  f 0 ) as a function of order parameter for the case
of 2-4-6 first order phase transformation polynomial, b=0.02, D=2, F=1.2,
TC=300 K.

Devonshire polynomial is invariant under sign inversion (   ), but for cases
that sign invariance do not hold, the general expansion up to fourth order is (Figure 2.3):

f  f 0  b(T  TC ) 2  C 3  D 4

,

(2.7)

where C and D are positive. In this case transition occurs at:
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TI  TC 

C2
4bD .

(2.8)

In this case, the high temperature phase would be meta-stable if temperature goes
lower than TC.

Figure 2.3

2.3.1

Free energy density ( f  f 0 ) as a function of order parameter in the case of
2-3-4 polynomial first order phase transformation. b=0.01, C=0.8, D=0.8,
Tc=300 K.

Ginzburg-Landau theory
During a phase transformation at a certain temperature and external field,

different phases may coexist. Landau theory did not consider the order parameter
fluctuation, therefore to consider the boundary of phases, the gradient of order parameter
( ) must be added to the free energy. From symmetry argument, the   cannot occur
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linearly so the quadratic term is the minimum power term [45]. Considering order
parameter fluctuation, the free energy becomes:

f ( , ,T )  f b ( ,T ) 


2

( ) 2

,

(2.9)

where fb is the Landau free energy, equation (2.1), and  must be positive
(otherwise the system could lower its energy indefinitely by creating an infinite number
of domains). The equilibrium state of an isothermal system with volume V is given by
minimization of
Ftotal   f ( ,  ,T )dV
V

,

(2.10)

and for transient systems, the evolution of order parameter(s) can be founded by
the time dependent Ginzburg-Landau equation [46]:

F

 L total
t
 ,

(2.11)

where L is the kinetic coefficient, and  denotes variational derivative.
2.3.2

Primary and secondary order parameters
The concept of primary and secondary order parameters usually comes with

structural phase transformation at which the crystallography of structure changes from a
high symmetry phase to a low symmetry phase. In the Landau type phase transformation,
the primary order variable is related with irreducible representation which reduces the
high symmetry space group to the low symmetry space subgroup. Second order
parameter is an irreducible representation which reduces the high symmetry space group
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to a subgroup, called intermediate, which is simultaneously a subgroup of the low
symmetry space group. However, it is the primary order parameter that determines the
symmetry of the ordered phase. In other words, structural distortions those only reduce
the initial symmetry partially are called secondary order parameters [41,47,48]. The
secondary order parameters lower the free energy [47]. For example, in BaTiO3 and
PbTiO3 ferroelastic transition [41], the spontaneous polarization is primary order
parameter and spontaneous strain is secondary order parameter; in structural phase
transformation, the spontaneous strain is usually considered to be the secondary order
parameter. For a complete phenomenological description of phase transformation, the
free energy should be expanded in terms of the primary and all secondary order
parameters and their coupling. For the simplest second order phase transformation, the
free energy density would be:

1
f  f 0  b(T TC ) 2  D 4  G 2  E 2
2
,

(2.12)

where ε is strain, G is coupling coefficient and E is appropriate elastic constant. In

f
G 2

0
, which gives:   
, and by substituting this strain
the stress free condition:

E
in equation (12), the free energy density becomes:

f  f 0  b(T  TC ) 2  (D 

G2 4
)
2E
.

(2.13)

The above equation shows that the coupling to strain modifies the parameters of
Landau polynomial, and it may change the transition to be a first order transformation or
change the structure of distorted phase.
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In some phase transformations, the order parameter may have more than one
component. For example, the generic cubic to tetragonal phase transformation has three
order parameters. In this case, Landau theory may be extended to find the proper free
energy density as follows [49]:

f  f 0  b(T TC )(12   22  32 )  D(12   22  32 ) 2  H (14   24  34 )
2.4

.

(2.14)

Phase field methods for martensitic phase transformation
Generally, there are three different phase field modeling approaches to study MPT

based on Ginzburg-Landau theory [30]. In the first approach, primary order parameters
or phase field variables are considered to be some components of the strain tensor, and
consequently, in this approach the free energy density is a polynomial in terms of strain
components [22,50,51]. In the second approach, primary order parameters are related to
atomic shuffles (see Figure 2.4), and the free energy is a Landau polynomial in terms of
primary order parameters plus a linear or quadratic term which couples order parameters
and the strain tensor [12]. The third approach uses the same order parameters as the
second approach, however, it couples the strain tensor components to the order
parameter(s) through a 2-3-4 or higher order polynomial [23,52]. There are some other
approaches which do not fall in above categories which will be mentioned in the end of
this section.
2.4.1

MPT models based on first approach
In the first approach, primary order parameters are considered to be some

components of the strain tensor and there is no secondary order parameter. The free
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energy density is a polynomial in terms of strain components (  ). Usually, the phase
field models based the first approach use one of the following forms for the free energy
density: f ( )  a 2  b 4  c 6 ( a, b, and c are related to the second, fourth, sixth order
elastic constants, respectively) [53], or f ( )  a 2  b 3  c 4 (a, b, and c are related to
the second, third, and fourth order elastic constants, respectively) [51,54,55]. For
example, Falk [53] used the first expression for free energy density and considered

a   (T TC ) , where  is a constant related to second order elastic constants. He
described how coefficients can be driven by using sufficient set of data, namely latent
heat, equilibrium phase transition temperature at vanishing stress and the elastic shear
constant of austenite at different temperatures. By using the data in [56], Falk found the
appropriate coefficients for Au23Cu30Zn47 as   24 Jcm3 K 1 , TC  208 K ,
b  1.5 10 5 Jcm 3 and c  7.5 10 6 Jcm 3 [53].

Falk [45] provided a review on Landau theory on MPT in 1982, where he mainly
described the first approach. Moreover, he talked about difficulties of using strain as
primary order parameter for three dimensional (3D) modeling of MPT; two main
questions that he raised were: which combination and which scale (macro or micro) of
strain must be used as order parameter? The first question can be answered by group
theory, but the second one is challenging because the lattice deformation (Bain strain)
usually does not coincident with macrostrain.
Anderson and Blount [57], Axe and Yamada [58], and Sakhenko and Talanov
[59,60] studied the cubic to tetragonal phase transformation by using the strain as the
order parameter. Since strain is a second rank tensor, group theoretical arguments have
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been used to find appropriate combination of the strain components obeying the required
symmetry.
Falk [53] proposed a one dimensional model for MPT and used the shear strain as
the order parameter. They developed their model to consider moving walls between
martensitic variants and austenite-martensite.
Barsch and Krumhansl [51,61] used the Ginzburg-Landau theory to derive
governing equations of proper MPT with the strain tensor as a structural parameter. MPT
is called proper when the leading transformation mode is the transformation strain, and
MPT is called improper when the soft optical displacement mode is the primary
transformation mode and transformation strain has a secondary effect.
Saxena et al. [22] used dimensionless and scaled local deviatoric strains as order
parameters; they constructed a phenomenological model that could describe twins, tweed,
and hierarchical domain walls.
Rasmussen et al. [62] also used the deviatoric strains as the order parameters, and
they presented a 3D model for cubic to tetragonal MPT. Not like other models that
consider displacement as an independent variable, they treated the elasticity only in terms
of the physical strain tensor,  ij (r) by using the St. Venant’s compatibility condition,
  (   )  0 .

Ahluwalia et al. [63,64] coupled phase field model to elastic strain through an
orientation field and proposed a polycrystal model based on the continuum elasticity
which describes the grain morphologies and mechanical properties of shape memory
alloys. Similar to [62], they used the elastic compatibility equation for equilibrium. Their
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model is applicable for the cases that there are only small changes in symmetry due to the
transformation, e.g., cubic to tetragonal transformation.
Cui et al. [65] suggested a two dimensional (2D) model for generic hexagonal to
orthorhombic phase transformation in polycrystalline materials. They used the first
approach (the order parameters were deviatoric strain) for modeling the phase
transformation and capturing the evolution of grain orientation in polycrystals.
Shchyglo et al. [66] used the first approach and presented a systematic way to
construct the Landau free energy functionals for cubic-to-orthorhombic and cubic-tomonoclinic phase transformations. The derived free energy functional provides an
accurate model for NiTi and NiTiCu shape memory alloys.
2.4.2

MPT models based on second approach
In the second approach for phase field modeling of MPT, order parameters are

related to atomic shuffles (see Figure 2.4 for schematic example of cubic to tetragonal
transformation), and the free energy is a Landau polynomial in terms of order parameters
plus a linear or quadratic term for coupling order parameters to the strain tensor. The free
energy density has this form: f  h( )  E 2 2  d k  , where h( ) is a polynomial in  ,
E is an elastic constant, and k  1 or 2 [12,67,68]. In the second approach, usually k 1
for proper MPT [12] and k  2 for improper MPT [68].
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Figure 2.4

Different variants of cubic to tetragonal transformation in the second
approach. These three variants are energetically equivalent.

Wang and Khachaturyan [12] presented the first realistic 3D phase field
simulation of MPT for the generic improper cubic to tetragonal transformation in a single
constrained crystal. This model was able to predict the major structural characteristics of
martensite during the entire transformation including nucleation, growth and eventually
formation of internally twinned plates which are in thermoelastic equilibrium with the
parent phase.
Li et al. [69] studied the precipitation of rhombohedral in a cubic matrix in
Ti11Ni14 and investigated the effect of strain constraint on precipitates growth and
dissolution. Wen et al. [70] developed a phase field model to investigate the hexagonal to
orthorhombic transformation; they studied the effect of elastic interactions on the domain
formation and evolution during nucleation, growth, and coarsening. They also
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investigated the effect of an applied strain field on the domain structure development.
Later on, Wen et al. [71] presented a more complex phase field model of hexagonal to
orthorhombic transformation which successfully predicted the special patterns
transformation, such as fan and star shape precipitates.
The effect of external stress on MPT was studied by Artemev et al. [72]; they
presented a simulation of generic improper cubic to tetragonal MPT, and they showed
that external stresses increase the production of those variants that their transformation
strains are aligned with the applied stresses. External stresses also change the
morphology of martensite particles. Artemev et al. [68] developed a phase field model for
proper MPT and simulated two different type of cubic to tetragonal transformation, with
and without volumetric change in constrained and unconstrained systems.
Jin et al. [73] simulated the cubic to trigonal transformation in AuCd alloy for
both single crystal and polycrystalline cases; they studied the effect of external load on
transformation and domain boundary movement. Artemev, et al. [74] developed a phase
field model to describe a proper cubic to tetragonal MPT in a polycrystalline Fe-31at%
Ni alloy under an applied stress. Koyama et al. [75] studied the cubic to tetragonal
transformation in Ni2MnGa under external stress and magnetic field. Wang et al. [76]
studied the effect of free surface in multi-variant proper MPT in polycrystals of Au49.5at%Cd (cubic→trigonal) and Fe-31wt%Ni (fcc→bcc) alloys. They showed that
martensite microstructures change in the surface layers because of formation of free
surfaces, the concentration of martensite is high near these free surfaces, and the free
surface effect is local. They also showed that the free surfaces have more effect in
microstructures of the high-symmetry FeNi than that of the low-symmetry AuCd,
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because the latter has more orientation variants and can achieve better stress
accommodation.
Seol et al.[77,78] developed a 3D phase field model to study kinetics and
morphologies of cubic to tetragonal proper MPT in a thin film elastically constrained by
a substrate and applied the model to Fe-31%Ni alloy. They considered the anisotropy in
elasticity solution and studied the effect of constrained and free boundary condition.
Yamanaka et al. [79] introduced an elastoplastic phase field model to investigate
cubic to tetragonal transformation for an elastic perfectly plastic material. In their model,
they considered that the total eigen strain to be the summation of the transformation strain
and plastic strain (  0   t   p ). The evolution of plastic strain was simulated based on
Guo et al. [80] model, where each component of the plastic strain tensor was considered
to be an order parameter and its evolution was defined by the time dependent GinzburgLandau equation:

 ijp (rp ,t)
t

 K ijkl

E dis
, where Kijkl is a kinetic coefficient
 klp (rp ,t)

characterizing the evolution rate of plastic deformation, and the distortion strain energy (

E dis ) is regarded as the total energy. Their model confirmed that the plastic
accommodation significantly reduces the elastic strain energy during the formation of the
tetragonal phase because of both self- and plastic accommodations.
Man et al. [36] presented a thermoelastic phase field model to study forward and
reverse proper MPT in Mn-rich Mn-Cu single crystal alloys. This is the only work based
on the second approach that has the capability of modeling phase transformation under
continuously varying temperatures.
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Wang and Khachaturyan [81] reviewed the capability of phase field modeling
based on the second approach for MPT at both mesoscopic and microscopic length
scales. Heterogeneous nucleation, how defects can trig the MPT, and microstructural
sequences during development of martensitic embryo from the parent phase have been
investigated in [82].
In a recent paper, She et al. [83] used the second approach in a FEM framework
to study the mechanisms of heterogeneous nucleation due to different defects including
void, stress concentration site, inert inclusion and pre-existing nucleus in cubic to
tetragonal MPT. They assumed isotropic and homogeneous elasticity. Their study shows:
1) nucleation usually occurs around voids and stress-concentration sites, 2) inert inclusion
constrains the MPT, and 3) pre-existing nucleus ignites MPT in their neighbors.
2.4.3

MPT models based on third approach
In the past decade, Levitas and his colleagues improved the Ginzburg-Landau

theory for MPT in different aspects. They presented a Landau theory for proper (strong)
MPT and constructed a Landau free energy functional for steel and shape memory alloys
based on small strain assumptions [23]. They assumed that all the material properties of
both phases including the transformation strain, all the temperature dependencies and
potential barriers are known. The order parameters in this approach are similar to the first
approach.
Levitas et al. introduced their model in three papers [23,52,84]. In the first paper
[23], they used 2-3-4 polynomial for thermal part of Gibbs energy (similar to the second
approach) and coupled the transformation strain to the order parameter through a 2-3-4
polynomial (in the second approach the coupling was through a linear (for proper PMT)
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or quadratic (for improper MPT) term). In the simplest case where the elastic compliance
is not dependent on  and there is no thermal strain, their Gibbs free energy has this
form:

G   :  :  2   :  t ( )  f (T , ) ,

(2.15)

where  is stress tensor,  is the fourth-rank elastic compliance tensor, T is
temperature, and f is the thermal part of free energy. They select  ( ) and f ( ) to be 23-4 polynomials as follows:

 ( )  a 2  (4  2a) 3  (a  3) 4 , 0  a  6 ,

(2.16)

f (T, )  A 2  (4GT  2A) 3  (A  3GT ) 4 ,

(2.17)

where a and A are material parameters and G T is the difference between Gibbs
energy of austenite and martensite. They extended the model to a more general case by
considering that the thermal strain and elastic compliances are dependent on the order
parameter. In the second paper [52], Levitas and Preston extended their austenitemartensite Landau model to cover martensite-martensite transformation (one martensite
variant might transform to another). For this purpose, they coupled the transformation
strain to order parameter through 2-3-4-5 polynomial. In the their third paper [84], they
showed that the 2-3-4-5 polynomial is not the only Landau potential that could be used,
and they developed alternative Landau potentials, one in the Cartesian coordinate system
(2-4-6 polynomial) and two in the hyperspherical coordinate system. Since the critical
martensite nuclei are more sensitive to the larger curvature ratio (ratio of the curvature at
martensite to the curvature at austenite), using 2-4-6 potential is more beneficial than
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using 2-3-4-5 polynomial, because 2-4-6 potentials has four times greater curvature ratio
than that of 2-3-4-5 potentials. For the case of hyperspherical coordinate system, they
drove the potentials from the 2-3-4 and 2-4-6 potentials in the Cartesian system. The
benefit of order parameters developed in a hyperspherical coordinate over a Cartesian
coordinate is that they do not have unphysical minima and constant parameters that do
not appear in the phase equilibrium and transformation conditions. Moreover, in the case
of martensite-martensite transformation there is a path which connects each variant
directly to another variant without passing through an austenitic minimum. In the last
section of their paper, they delineated a phase field theory of dislocation based on their
phase transformation framework [84].
Levitas et al. [85] suggested a method to apply athermal resistance term in the
Ginzburg-Landau equation for first-order phase transformations such as MPT. Unlike
sharp interface models, introducing the athermal threshold to the Ginzburg-Landau
equation is not straight forward because there is no specific equation for the interface. By
adding an oscillating stress field or a jump in Gibbs energy difference ( G T ) they were
able to imitate the athermal resistance effects.
Idesman et al. [86] developed a 3D elastodynamic model for MPT in NiAl alloy
based on the free energy potential introduced in [23]. They coupled the Ginzburg-Landau
equations to dynamic elasticity equations and used the finite element approach to solve
their governing equations. They compared the elastostatic and elastodynamic results and
showed the significant effects of inertia forces on microstructural evolution.
Levitas et al. [87] derived the Landau potential for multivariant displacive phase
transformations for the case of large rotations, elastic and transformational strains, as well
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as for nonlinear and inhomogeneous elastic properties for different phases. The main idea
that led them to proper generalization of Landau potential for including large elastic
strains was formulation of Landau potential in terms of Lagrangian strains rather than
stresses. Levitas et al. [88] presented an analytical solution for diffuse interface
propagation including interface profile and velocity as a function of temperature and
stress tensor for MPTs. They also studied the effect of material inertia, athermal
resistance and lattice instability on interface propagation.
Levitas et al. [89] advanced the Ginzburg-Landau theory for MPTs by
considering surface tension for multivariant phase transformations and drove an
expression for the surface energy which allows a homogeneous solution for the product
phase. To consider the martensite-martensite interface energy independent of that for the
austenite-martensite, they changed the classical interface energy term from

to
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the deformed state. They also introduced an appropriate polynomial to represent surface
energy profile at the interface. In another work [90], they generalized this model to
include surface layer and studied the effects of the external surface layer width (e.g.,
solid-gas) and internal stresses on surface-induced phase transformations. To do so they
defined an order parameter to describe smooth transition from solid to surrounding (e.g.
gas).
Cho et al. [91] developed an advanced 2D and 3D finite element models based on
the phase field model of Levitas et al. [23,52,84] to study the dynamics of multivariant
MPT at the nano-scale for both single and poly crystal specimens.
37

Berti et al. [92] proposed a macroscopic model based on the Ginzburg–Landau
approach to describe the martensitic transition, coupled to the equations of motion and
heat transfer; this model is similar to the third approach but for macroscopic not
mesoscopic scale. The Ginzburg–Landau free energy was chosen so that it reproduced
the essential features of the phase diagram.
2.4.4

Miscellaneous Landau approaches for MPT modeling
In addition to above works there are some other works on Landau description of

MPT which do fall in above three approaches.
Bhatt [93] considered energy level of electronic bands as the order parameter and
provided a Landau description of A15 martensitic phase transformation. Kelly and Stobbs
[94,95] proposed a Landau theory for β phase alloys with the amplitude of charge density
waves as the order parameter; they coupled the order parameter to phonon amplitudes
and strain. However, there are no results concerning the thermodynamic consequences of
the model.
Katamura et al. [113] proposed a second order martensitic phase transformation,
which due to its first order nature was not a realistic simplification. They used the atomic
shuffle (same as the second approach) as the order parameter.
Denoual et al. [97] introduced a new phase field technique for MPT. They
replaced Landau potentials with the reaction pathway, which is a minimum energy path
that links two stable (meta) states via a saddle point.
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2.5

Tetragonal to monoclinic phase transformation
One MPT which despite its importance has not been studied by phase field

modeling is the tetragonal to monoclinic transformation. This transformation from
tetragonal to monoclinic, known as LTD (low temperature degradation) in biomedical
application [40], proceeds by propagation of martensite, which corresponds to
transformation twinning. As such, tetragonal to monoclinic transformation is highly
sensitive to mechanical and chemomechanical stresses. It is known in fact that this
transformation is the source of the fracture toughening in stabilized zirconia (zirconium
oxide) as it occurs at the stress concentration regions ahead of the crack tip. Another
example of zirconia aging due to the tetragonal to monoclinic transformation occurs in
the thermally growing oxide (TGO) over Zircaloy used in nuclear fuel rod cladding.
Zirconium alloys due to their low neutron absorption have an important usage in nuclear
power plants as a fuel cladding tubes; however, presence of zirconium in contact with hot
water as a coolant results in zirconium corrosion which degrade the tube during service
[98]. The corrosion behavior of zirconium is highly dependent to oxide film properties
[99]. Previous researches show that the zirconium oxide layer (zirconia) has two parts: a
dense layer next to metal/oxide which is mainly tetragonal and an outer part which
contain crack and porous and is mainly monoclinic [98].
Tetragonal to monoclinic transformation in zirconium oxide layer upon exposure
at high temperature is an important factor in breakaway oxidation and crack formation in
the oxide scale [98], [99]. As such, a good understanding of this transformation will aid
in identifying materials design routes to improve zirconium cladding durability. For
decades, two different methods were used to study tetragonal to monoclinic
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transformation. The first method relied on purely thermodynamic based formulations
[100–102], while the second method used crystallographic theories [103,104]. These two
methods are completely distinct and each of them explains different aspects of tetragonal
to monoclinic transformation. The aforementioned literature reviews show that phase
field can offer a reliable prediction of this transformation.
2.6

Conclusion
Literature examination allowed us to identify three different approaches for

modeling martensitic phase transformation using the phase field method, each approach
considering a different free energy functional for transformation. In the first approach, the
free energy density is a polynomial in terms of total strain components. Cho et al. [91]
claimed that they could not generate desirable results for their multivariant martensitic
phase transformation model using this approach. The first realistic phase field models for
martensitic phase transformation was initially developed by Chen, Wang and
Khachaturyan [1,12] based on microelasticity model of Khachaturyan and Shatalov
[105,106], which is constitutes the second approach. In this approach, the primary order
parameters are related to atomic shuffles, and the secondary order parameter is the
spontaneous strain. Strain is coupled to the primary order parameter through a linear term
for a proper MPT and a quadratic term for improper MPT. There are several phase field
modeling studies based on this approach [47-58]. Levitas and his co-workers [63-72]
performed some fundamental works on extending the Ginzburg-Landau theory for a
better formulization of martensitic phase transformation, which constitutes the third
approach. In this approach, strain is coupled to primary order parameters (atomic
shuffles) through a 2-3-4 or higher order polynomials. Our literature review shows
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several works [12,62–64,68,72,74,75,77–79,91,96,107] carried out on cubic to tetragonal
phase transformation. However, no phase field simulation has been suggested for
tetragonal to monoclinic transformation owing to its highly complicated symmetry
reduction.
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CHAPTER III
PHASE FIELD MODELING OF TETRAGONAL TO MONOCLINIC PHASE
TRANSFORMATION IN ZIRCONIA

(Acta Materialia, Volume 61, Issue 14, August 2013, Pages 5223–5235)

3.1

Abstract
The allotropic phase transformation in zirconia from the tetragonal to monoclinic

double lattices is known to occur by a martensitic twinning mechanism which shows a
complex dependence on temperature, stress, and environment. This paper is concerned
with the development of a phase field model which accounts for the main metallurgical
mechanisms governing this martensitic transition. The symmetry reduction and
orientation relationship between the parent and product phases were simulated using
several non-conserved order parameters representing different transformation paths.
Inhomogeneous and anisotropic elastic properties were considered to determine the
resultant elastic stresses. Governing equations of tetragonal to monoclinic transformation
were solved in a finite element framework under a variety of initial and boundary
conditions. It was shown that applying different initial conditions, such as seed embryo or
random, did not change the twining patterns and the final volume fractions of the parent
and product phases after the relaxation period. On the other hand, enforcing different
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boundary conditions resulted in completely different twining patterns and phase volume
fractions. The model was able to predict both the “V” shape morphology of twinning and
the surface stress relief with “gable roof” patterns which were observed by transmission
electron microscopy and atomic force microscopy to be the characteristic of the
tetragonal-monoclinic transition.
3.2

Introduction
During the last century, stabilized zirconia ceramics having tetragonal and cubic

variants became one of the most important ceramics in many mechanical and chemical
structures requiring combination of strength, fracture toughness, low thermal
conductivity, and probably good ionic conductivity. Such applications can be
exemplified by low temperature applications such as hip joint prostheses in biomedicine,
and high temperature applications such as thermal barrier coatings in aircraft and jet
engines and electrolyte in solid oxide fuel cell production [1].
However, this unusual versatility of excellent properties mediated by the
metastable tetragonal (or cubic) phase may systematically degenerate by an undesirable
transformation to the stable monoclinic phase after a certain exposure at service
temperatures. This transformation from tetragonal to monoclinic (T→M), known as LTD
(low temperature degradation) in biomedical application, proceeds by propagation of
martensite, which corresponds to transformation twinning [1]. As such, T→M is highly
sensitive to mechanical and chemomechanical stresses. It is known in fact that this
transformation is the source of the fracture toughening in stabilized zirconia as it occurs
at the stress concentration regions ahead of the crack tip [2].
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Another example of zirconia aging due to the T→M transformation occurs in the
thermally growing oxide (TGO) over Zircaloy used in nuclear fuel rod cladding. It was in
fact reported that TGO can be divided in two sublayers with different morphological and
lattice features: a dense and very thin layer next to the metal/oxide interface mainly
comprising the tetragonal variant, and an outer layer mainly comprising the monoclinic,
and which is highly susceptible to crack formation. As oxidation proceeds by an anionic
diffusion mechanism, the new oxide molecule forms always at the oxide/metal interface,
and as such the TGO zirconia grows as a tetragonal phase. Hence, every molecule must
undergo the T→M transformation at a certain distance from the interface [3]. Previous
studies showed that tetragonal to monoclinic (T→M) transformation in zirconium oxide
layer is an important factor in corrosion degradation and crack formation in oxide outer
layer [4].
In light of this important role that T→M plays in the degradation of many zirconia
ceramics, one may understand why this transformation has been the most document
allotropic transition in the literature of ceramics.
For decades two different modeling approaches have been adopted in studying the
T→M transformation: thermodynamic based models and crystallographic based models.
Each of these approaches explains some aspects of T→M transformation.
Thermodynamic based models [4–8] mainly provide some information about the onset of
transformation temperature during cooling or heating, and they account for the effect of
grain size on the transformation kinetics. On the other hand, crystallographic
phenomenological theory [9–14] is mainly capable of capturing the crystallography of
transformation, such as the habit planes and the orientational relationship between the
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parent and product phases. None of these approaches, however, are capable of predicting
the transformation kinetic and volume fraction of the parent and products at different
temperatures. They can neither simulate the effects of boundary constraints on the
transformation patterns, and size and shape of product phases.
Recently, the phase field method has become a powerful computational tool for
simulating different microstructures such as solidification [15–18], solid state phase
transformation [18–20], precipitate growth and coarsening [21,22], martensitic phase
transformations (MPT) [23] and grain growth [24,25]. Phase field models describe a
microstructure by using a set of conserved and nonconserved field variables that are
continuous across the interfacial regions. The temporal and spatial evolution of the field
variables are governed by the Cahn-Hilliard nonlinear diffusion equation [26] and the
Allen-Cahn (time dependent Ginzburg-Landau) relaxation equation [27,28]. With the
fundamental thermodynamic and kinetic information as the input, the phase field method
is able to predict the evolution of arbitrary morphologies and complex microstructures
without explicitly tracking the positions of interfaces [29].
The phase field method has been used for different MPT [23,30,31]. A
comprehensive review on different approaches in phase field modeling of MPT have
been recently reported by the present authors [32]. This paper uses an approach which
primarily relies on developments by Khachaturyan, Chen and Wang [19,23]. Wang and
Khachaturyan [23] presented the first 3D model for generic cubic to tetragonal improper
MPT which occurs mostly in ceramics. In a constrained single crystal; their model was
able to predict the major structural characteristics of martensite during the entire
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transformation including nucleation, growth and eventually formation of internally
twinned plates in thermoelastic equilibrium condition with the parent phase.
Hexagonal to orthorhombic transformation has also been subject to phase field
modeling [33,34]. On one hand, these models captured the effect of elastic interactions on
the domain formation and evolution during nucleation, growth, and coarsening. On the
other hand, the effect of an applied strain field on the development of domain structure
was studied. The models generally led to a good prediction to the so-called special
patterns transformation, such as fan and star shape precipitates.
Another parameter of pronounce importance in MPT relates to the effect of
externally applied stresses. Authors such as Artemev et al. [35] incorporated this effect
to simulate generic improper cubic to tetragonal MPT. They showed in fact a noticeable
increase in the product variants having transformation strain aligned with the externally
applied stresses. The morphology of martensite particles was also affected. In a different
paper, Artemev et al. [36] simulated proper MPT for two different types of cubic to
tetragonal transformation, with and without volumetric change in constrained and
unconstrained systems. Later on they developed a phase field model to describe a proper
cubic to tetragonal MPT in a polycrystalline Fe-31at% Ni alloy under an applied stress
[37].
Other models which captured the effect of externally applied stresses were
developed and used to simulate the cubic-to-trigonal transformation in both single crystal
and polycrystalline AuCd [38]. In this regard, the effect of free surface (vanishing
external stress at boundaries) on the kinetics and topology of multi-variant proper MPT
was also studied via phase field modeling [39]. These models were applied to
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polycrystals Au-49.5at%Cd and Fe-31wt%Ni, which undergo cubic→trigonal and
fcc→bcc transformations, respectively. The phase field simulations showed
inhomogeneities of martensite microstructures as a result of concentration gradients and
preferential formation of martensite near free surfaces. This trend was substantiated by
the stronger sensitivity of high-symmetry FeNi structures compared to low-symmetry
AuCd which has more orientation variants and can better accommodate stresses.
The effect of magnetic field on cubic to tetragonal transformation was studied by
means of phase field modeling, which was benchmarked for Ni2MnGa material [40].
Phase field modeling also was used to study kinetics and morphologies of cubic to
tetragonal proper MPT in thin films [41,42] and forward and reverse proper MPT [43].
Guo el al. [44] developed an elastoplastic phase field modeling for microstructure
evolution and this model was used in [45] to investigate cubic to tetragonal
transformation, the model confirmed that plastic accommodation largely reduces the
elastic strain energy during the formation of the tetragonal phase because of both self and
plastic accommodations.
The above review shows that substantial research was recently performed to
utilize the phase field approach in studying cubic to tetragonal MPT [23,35–37,40–
42,45,46]. However, to the best of our knowledge, there exists no phase field model for
simulating the T→M transformation in Zirconia. In this study, we present a phase field
model for this phase transformation which is anisotropic and inhomogeneous elastically.
The paper is organized as follows: section 2 describes thermodynamics of T→M
transformation; section 3 describes crystallography of T→M transformation; section 4
presents the process of developing the governing equations of the phase field model for
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T→M transformation; and section 5 presents and discusses the simulation results for
different initial and boundary conditions, and comparison to experimental results.
3.3

Thermodynamics of T→M transformation
Solid state phase transformations can be diffusional or diffusionless. In diffusional

transformations, long range diffusion is required for the growth of the new phases,
however in diffusionless transformations, atoms move only short distances in order to
join the new phases. T→M transformation takes place by a diffusionless mechanism [45].
Diffusionless transformations are classified into two types: I. massive, which takes place
without a definite orientation relationship and atoms can move individually, and II.
martensitic in which atoms have to move in a coordinated manner so there is a shape
change in crystal associated with transformation strains. The nature of the diffusionless
T→M has been classified as martensitic transformation. The martensitic nature of T→M
was first suggested by Wolten [46].
Wang et al. [47] calculated equilibrium temperature for T→M phase
transformation for pure zirconia and adopted it for assessment of Gibbs free energy of
zirconia in different phases. According to [47], the equilibrium temperature is a
temperature at which the Gibbs free energy of both tetragonal and monoclinic phases are
the same; this temperature for T→M is 1367  5 K , and Gibbs free energies for
monoclinic and tetragonal zirconia are:
G MZrO2  1126163 .5  424.8908T  69.38751T ln T  0.0037588T 2  683000T 1 ,

(3.1)

GTZrO 2  5468  4T  GZrO 2 M ,

(3.2)

where Gibbs free energies are in J/mole, and the temperature ( T ) is in Kelvin.
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3.4

Crystallography of T→M transformation
Zirconia exhibits three polymorphs: cubic, tetragonal, and monoclinic. The cubic

phase is stable for temperatures above 2640 K to the melting point, and it has a fluorite
type structure with a unit cell dimension of ac  5.27 Å [1] (Figure 3.1).

Figure 3.1

Schematic of cubic zirconia crystal structure (red atoms are zirconium and
blue ones are oxygen) [2].

The tetragonal phase is stable for temperatures above 1430 K and below 2640 K.
The primitive tetragonal unit cell has two ZrO2 units unlike cubic fluorite and monoclinic
unit cell which have four ZrO2 units so it is more convenient to describe tetragonal unit
cell in terms of C-centered tetragonal unit cell which has four ZrO2 (Figure 3.2). The Ccentered tetragonal zirconia lattice parameters are at  5.14 Å and ct  5.26 Å [48].
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Figure 3.2

Schematic of tetragonal zirconia crystal structure (red atoms are zirconium
and blue ones are oxygen) [2].

The monoclinic phase is stable from room temperature to temperatures below
1430 K. The crystal structure of the monoclinic phase revealed the unit cell parameters to
a m  5.184 Å, bm  5.207 Å, and cm  5.370 Å with  m  98.8o (  m is angle between
am and c m ) [48] (Figure 3.3).

Figure 3.3

Schematic of monoclinic zirconia crystal structure (red atoms are
zirconium and blue ones are oxygen) [2].
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As mentioned before, T→M transformation is martensitic in nature. There are
three different correspondences for T→M transformation (each correspondence shows
which atom at the parent structure becomes which atom at a product phase) [14]. If
(at ,bt , ct ) and (am , bm , cm ) represent tetragonal and monoclinic lattice parameters,
respectively, product correspondences are,
 ABC : if ( a t , bt , ct )  ( a m , bm , cm )

T  M Coresponde nces  CAB : if ( a t , bt , ct )  ( cm , a m , bm )
 BCA : if ( a , b , c )  (b , c , a )
t
t
t
m
m
m


We know at  bt . These correspondences were named in early literature based on
the counterpart of ct , which means that the first correspondence was named C because
ct becomes cm , and the second correspondence was named B because ct becomes bm ,
and in the same way the last correspondence was named A.
For each correspondence there are two variants. Variants are crystallographically
equivalent, but rotated with respect to each other. For example consider correspondence
B, in this case ct becomes bm but for the other axes ( a t , bt ), there are two situations: I)
a t → am and bt → cm , II) bt → am and a t →  cm (using a right-handed set of axes),
which we can represent them by ACB and CAB to distinguish variants in
transformation. These variants are crystallographically equivalent, but rotated 900 around
the ct axis.
Unlike the tetragonal crystal with orthogonal axes, the angle between am and cm
axes in the monoclinic crystal is approximately 99o, so the axes of parent and product
cannot lay on each other. Since bm is perpendicular to the plane of cm and am , and if we
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keep bm parallel to its counterpart parent axis, there are two options for the two
remaining axes ( cm , am ): I) am becomes parallel to its counterpart axis and cm incline
by 90 from parent axis, II) cm becomes parallel to its counterpart parent axis and am
become inclined. Hence, for each variant there are two possible orientation relationships
which gives six possible orientations in total A1, A2, B1, B2, C1 and C2 [14]. For T→M
transformation, there are three correspondences, each of them has two variants, and each
variant has two orientations. In whole, for each tetragonal lattice there are twelve possible
lattices in monoclinic phase. Figure 3.4 illustrates the different variants and orientations
of correspondence ABC.

Figure 3.4

Different variants and orientations of correspondence ABC.
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Among possible correspondences, C and B are more favored because they have
smallest Bain strain and lattice invariant strain, respectively. In correspondence A,
because of ct → am , we have the largest Bain strain, so this correspondence is rare and
T→M transformation follows either correspondence B or C [14].
3.5

Phase field modeling of T→M transformation
In the phase field method, a multi domain microstructure can be described by a

set of phase field variables. In the case of T→M phase transformation, phase field
variables are the possible variants of the monoclinic phase.
The temporal and spatial evolution of non-conserved phase-field variables is
described by phenomenological time dependent Ginzburg-Landau kinetic equation [28]:
 p (r, t)
t

 L

F
 p (r, t)

  p (r, t)

p  1,..., n ,

(3.3)

where  p represent the p th variant of monoclinic, L is the kinetic coefficient,
F is the total free energy of system, F  p (r,t) is the thermodynamic deriving force
for spatial and temporal evolution of  p , and  p (r, t) is the Langevin noise describing the
thermal fluctuation [23,49]. The value of  p varies from 0 to 1; where  p  1 , variant p th
of monoclinic exists, and where  p  0 , it could be the other variants or the parent phase.
For a MPT, the total free energy can be written as the summation of chemical free
energy and elastic strain energy.
F  Fch  Fel .

(3.4)
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3.5.1

Chemical free energy
Driving force of a MPT comes from chemical free energy. Total chemical free

energy can be written as [23]:



1 n
Fch    f (1 , 2 ,,n )    ij ( p)i p  j p dV
2 p1
V 


n  1,..., p
,

(3.5)

where ij ( p) is a positive gradient energy coefficient and  is the gradient
operator. f (1 , 2 ,  , n ) is the local specific free energy which defines the basic bulk
thermodynamic properties of the system. f (1 , 2 ,  , n ) can be approximated by the
Landau polynomial in terms of long-range order parameters  p . Since elastic energy and
domain wall energy determine the domain structure after the transformation is completed,
the particular form of the free energy model has no significant effect on the domain
structure [32], therefore we selected the simplest sixth-order polynomial form for the
local specific free energy:
b
c
a

f (1 , 2 ,, n )  G  (12   22   n2 )  (14   24   n4 )  (12   22   n2 ) 3 ,
4
6
2

(3.6)

where G is the chemical driving force representing the difference in the specific
chemical free energy between the parent and the equilibrium martensitic phase. G is
calculated using equations (1) and (2). a , b and c are the expansion coefficients at a
fixed temperature, and although they are not dominant in microstructure evolution, they
must be selected in a way that 1) maintain the same value of the interfacial energy within

59

the physical reasonable range, and 2) provide global minima at the parent phase (

1   2     n  0 ) and at all the product variants, which are
1   0 ,

 2   3     n  0,

 2  0 ,

1   3     n  0,

⋮

 n  0 ,

1   2     n1  0,

where 0  0 is the equilibrium long range parameter and usually considered to
take value 1.
We assume that the positive gradient energy coefficient is isotropic (  ij   ij ),
therefore the chemical free energy can be simplified as:



1 n
Fch    f (1 ,2 ,, n )    (i p ) 2 dV .
2 p1
V 

3.5.2

(3.7)

Elastic strain energy
In MPT, an important contribution to the total free energy comes from the strain

energy caused by the lattice mismatch between the product precipitates and the parent
matrix. It has been shown by Khachaturyan [50] that strain energy can be expressed as a
function of the transformation-induced stress free strain  ij0 (r) . In fact, the degree of
lattice mismatch between precipitates and the matrix can be characterized by stress free
strain. Because of our diffusive interface description, we need to express the stress free
strain in terms of phase field variables; therefore, the local stress free strain is related to
order parameters through [23]:
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n

 (r)    ij00 ( p) p2 (r),
0
ij

(3.8)

p1

where  ij00 ( p) is the transformation strain of p th variant. The elastic strain energy
of a system is given by:

Fel 

1
1
 ij ijel dV   Cijkl  klel  ijel dV ,

2V
2V

(3.9)

Where the elastic strain  ijel (r) is the difference between the total strain,  ijtot (r) ,
and the stress free strain,  ij0 (r) :










1 u (r) u (r)
 ijel (r )   ijtot (r )   ij0 (r )   ijtot (r )    ij00 ( p) p2 (r )   i  j     ij00 ( p) p2 (r)
p

2  rj


ri




p

(3.10)
Stress free strain which has different names in the literature such as
transformation strain [51], eigenstrain [52] or Bain strain [53], is the strain that occurs
inside the material during phase transformation in the absence of external constrains. In
MPT, each variant has its own stress free strain and can be calculated from lattice
parameters of parent and product. For small strains the transformation strain is [51]:

 ij00 ( p)  Uij ( p)   ij ,

(3.11)

where U ij ( p) is the symmetric right stretch tensor of deformation gradient which
maps the parent crystal to the p th variant of the product. In two dimensions (2D), the
smallest transformation strain is for correspondence ABC. Figure 3.5. Shows possible
monoclinic variants of correspondence ABC in 2D and Table 3.1 and 3.2 show the lattice
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parameters of zirconia and transformation strain tensors for correspondence ABC
respectively.

Figure 3.5

Table 3.1

Possible variants of monoclinic phase in T→M phase transformation in 2D.

Lattice parameters for tetragonal and monoclinic zirconia [48].

Crystal parameter
Tetragonal
Monoclinic

Table 3.2

a
5.141
5.184

b
5.141
5.207

c
5.2609
5.370

β
900
98.80

Deformation gradient ( Fij ), right stretch tensor ( Uij ) and transformation
strain (  ij00 ) of monoclinic variants.
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3.5.3

Evolution equations
The Ginzburg-Landau equation for T→M transformation with the given energy

functional in the previous section is:

 p (r , t)
t


Fel 


f
 L    2 p (r, t) 


    p (r , t)

 p (r, t)  p (r, t) 


p  1,, n

(3.12)
where f was defined in equation 3.6, and
n
Fel
1
  Cijkl kl00 ( p) p (r,t)(ui, j (r)  u j,i (r))  Cijkl kl00 ( p) p (r,t)  ij00 (z) z2 (r,t)
2
 p (r,t)
z1
n
1
 Cijkl ij00 ( p) p (r,t)(uk ,l (r)  ul,k (r))  Cijkl ij00 ( p) p (r,t)  kl00 (z) z2 (r,t)
2
z1

(3.13)

The Ginzburg-Landau equations are coupled to the mechanical equilibrium
equations to find the displacement of domain:
 ij

1
 

 0  Cijkl  (uk ,lj (r)  ul ,kj (r))    kl00 ( p)
( p2 (r ))  0
rj
rj
p
 2

.

3.6

(3.14)

Results and discussion
In this work, we studied the T→M phase transformation in a 2D single crystal;

2   2  square domains were used in all the simulations, except in section 5.3 where a
3   3  domain was used. We considered the Langevin noise to be zero and imposed

two different initial conditions for order parameters: 1) randomly distributed initial
condition, and 2) multivariant martensitic embryo initial condition. The initial condition
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for displacement is zero in the whole domain, and boundary conditions for the i th order
parameter are periodic and
n  i  0, i  1,..., p .

(3.15)

The boundary conditions for the mechanical equilibrium equation (3.14) at all the
boundaries are:

u1  u2  0 .

(3.16)

The homogeneous constant temperature T  1170 K was considered.
Unlike most of phase field simulations which assumed elastic homogeneity in
their model [42,43,54–57], we considered inhomogeneous elasticity and defined a
smooth transition from tetragonal to monoclinic elastic constants through following
equation,
n

n

i1

i1

C  P(   i )C M  (1  P(   i ))C T ,

(3.17)

where CM and CT are monoclinic and tetragonal elastic constants respectively, n is
the number of order parameters and,
P( )   3 (6 2  15  10) .

(3.18)

In previous works, we developed a mixed order finite element model for the
coupled phase field equation and elasticity equations to study solid state phase
transformations [18,22,58,59]. Although in the present work all the equations in the
model are 2nd order partial differential equations, a similar algorithm was adopted. We
used COMSOL Multiphysics to solve the PDEs [60]. The calculation domain was
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discretized by 10000 four-noded quadratic rectangular elements; and the whole system
had 161604 degrees of freedom. For time integration, an adaptive time-step algorithm
was implemented; at the initial stages of the growth, time steps less than 3  10 11 s were
used to guarantee the convergence of the solution, and at the later stages of growth, time
steps less than 2 10 9 s were sufficient to ensure the convergence.
The input parameters of the model are given in the tables 3.3, 3.4 and 3.5.
Table 3.3
C11
361

Elastic constants for monoclinic zirconia (Gpa) [3,61].

C22
408

Table 3.4
C11
327

C33
258

C55
81

C66
126

C12
142

C13
55

C16
-21

C23
196

C26
31

Elastic constants for tetragonal zirconia (Gpa) [3,62].
C33
264

Table 3.5

C44
100

C44
59

C66
64

C12
100

C13
62

Numerical values used for calculation.

Temperature (K)

1170

Chemical driving force (J.mol-1)

800 (36.8x106 J.m-3)

Gradient energy coefficient, β (J.m-1)

1 x 10-8

Energy density coefficient, a

0.14

Energy density coefficient, b

12.42

Energy density coefficient, c

12.28

Kinetic coefficient, L (m3.J-1.s-1)

2

Domain size (nm x nm)

2000 x 2000
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C36
-18

C45
-23

3.6.1

Evolution of the monoclinic with random initially distributed order
parameters
In this section, the evolution of monoclinic phase is investigated for cases with

randomly distributed order parameters as their initial condition. First, a Gaussian random
distribution from 0 to 1 was assigned to one variant as the initial condition and the other
order parameters were kept zero throughout the system initially. In this case, the MPT did
not start, and it showed that the presence of two twin related variants are necessary for
martensitic nucleation; similar result was suggested by [23,35]. In our second try, we
assigned a Gaussian random distribution from 0 to 0.5 to both order parameters as their
initial conditions and set the boundary condition clamped. The results showed that in the
initial steps there are several nucleus which have a same chance to grow, but the system
only allows the growth of critical nuclei (the nuclei having both twin related variants) and
the non-critical nuclei eventually disappear; similar results for MPT of cubic to tetragonal
was reported in [23].
The temporal and special evolution of monoclinic variants ( 1 ,  2 ), the stresses

 11 and  11   22 are shown in Fig. 3.7. The simulation results show that the twining
plane (junction plane) is (100)m which is in agreement with Bansal and Heuer [9,63]
observations. Simha [53] calculations also show the same result. Kelly and Rose [14]
mentioned (107)m as a significant habit plane in tetragonal to monoclinic phase
transformation. This plane has been well predicted by simulation (Figure 3.6).
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Figure 3.6

Junction and habit planes predicted by simulation

Figure 3.8 shows a comparison between simulation result and an experimental
TEM micrograph of T→M; from this figure, we can see that habit planes formed as a pair
of plates arranged in a “V” shape and the sequence arranged in a chain of “N” shapes, the
same results based on crystallographic phenomenological theory has been reported in
[14].
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Figure 3.7

Temporal and spatial evolution of monoclinic with initially randomly
distributed order parameters and clamped boundary condition.

The left column shows the monoclinic variants evolution. The second and third columns
show the evolution of σ11 and σ11-σ22. Rows (1)-(5) correspond to times 0 s, 9e-8 s, 1.65e7 s, 2.25e-7 s, 1e-6 s, respectively.
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Figure 3.8

3.6.2

Left picture is the simulation result for random initially distributed order
parameters in constrained single crystal. Right picture is a TEM
micrographs of partially-transformed t-ZrO2 grains in CeO2-stabilized
polycrystalline TZP [2].

Evolution of the monoclinic with middle seed embryo
At the next step we studied the evolution of monoclinic embryo. Figure 3.9 shows

the initial and boundary conditions of tetragonal single crystal with small multi variant
monoclinic embryo in the middle.
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Figure 3.9

A 2-D tetragonal with clamped boundary and multi-variants embryo initial
condition.

The evolution of single embryo is shown in the Figure 3.10, at the initial steps of
transformation the embryo grow in both directions then some lenticular monoclinic
variants are formed in the (100)m plane. The variants grow and join together in a “V” type
patterns. Transformation time in single embryo initial condition is longer than randomly
distributed order parameters because in the latter case transformation triggers in several
critical nuclei simultaneously.
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Figure 3.10

Temporal and spatial evolution of monoclinic phase with initial multivariants embryo and clamped boundary condition.

The left column shows the monoclinic variants evolution. The second and third columns show the
evolution of σ11 and σ11-σ22. Rows (1)-(5) correspond to times 0 s, 4e-7 s, 5e-7 s, 8e-7 s, and 2.7e-6 s,
respectively.
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Figure 3.11 shows the growth rate of volume fraction of different variants and
parent phase for single embryo initial condition. We defined the volume fraction of each
variant by following equation

VFi 

 d A ,
i

(3.19)

A

where VFi is volume fraction of variant ith and A is the total area of domain. In
this case the system relaxed after 1.6µs and volume fractions remained unchanged.
Figure 3.12 shows the volume fraction of parent and products for randomly distributed
order parameter initial condition. Unlike Figure 3.11 in which the monoclinic volume
fraction start from zero and increase to the final value of 22 percent, in Figure 3.12
because of initial disturbance the volume fraction of each monoclinic variant starts from
24 percent after that the disturbance relaxes and the volume fraction decrease to 8 percent
and then monoclinic variants start to grow from critical embryos to the final equilibrium
which is 22 percent for each variants. The final volume fractions in Figure 3.11 and
Figure 3.12 show that the amount of tetragonal transform to monoclinic does not depend
on the initial condition.
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Figure 3.11

Temporal evolution of parent and products volume fraction for clamped
boundary condition with seed embryo initial condition.

Figure 3.12

Temporal evolution of parent and products volume fraction for clamped
boundary condition with randomly distributed order parameter initial
condition.
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3.6.3

“Gable patterns” formation on free surfaces
Atomic force microscopy (AFM) investigations [64,65] showed that the

martensitic T→M transformation result in surface relief. To investigate this phenomenon
we studied T→M transformation with free boundary conditions. A single crystal 3   3 
square domain was discretized by 14400 four-noded quadratic rectangular elements; and
the whole system had 232324 degrees of freedom. For time integration, at the initial
stages of the growth, time steps less than 110 9 s were used to guarantee the
convergence of the solution, and at the later stages of growth, time steps less than
5  10 10 s were sufficient to ensure the convergence.

Figure 3.13 shows the boundary conditions for displacement, and the boundary
conditions for order parameters are n  i  0, i  1,..., p with initial embryo seed in
the top right corner as initial condition.
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Figure 3.13

Selected boundary condition to study free surfaces.

The unconstrained simulation shows T→M transformation does not produce
strain-accommodating state because the strain-accommodating multi-variants do not relax
the dilatational strain. This dilatational strain cause surface relief at free surfaces. For the
case of variant ABC, when the free surface is (001)t, the junction plane would be (100)m ,
and we can see an inverse “V” come out of the free surface and its maximum is at the
junction plane; the same result was reported in AFM investigations on transformation
induced relief in zirconia by Deville et al [66]. Figure 3.14 shows a comparison between
surface relief results of the phase field model and experiment [66]. It needs to be noted
although variants with (100)m junction plane are favorable, because of our restriction on
u2 direction on lower boundary, some variants with (001)m junction plane and some small
gable roof patterns on (100)t plane are formed.
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Figure 3.14

The top picture shows the monoclinic evolution, the middle picture shows
the displacement (colorbar 0 to 75*10-9 meter), and the bottom row is the
AFM micrograph of surface relief resulting from martensitic tetragonal to
monoclinic phase transformation [66].
76

3.7

Conclusion
A two-dimensional phase field model was developed to predict the

microstructural evolution during tetragonal to monoclinic phase transformation in
zirconia. Inhomogeneous and anisotropic elastic properties were considered in the model
and governing equations were solved in a finite element framework. The model shows
high fidelity as the simulation results reproduced the main crystallographic, kinetics, and
morphological features which were observe by experiments to be characteristic of the
transformation. For instance, the “V” type variants with (100)t junction plane observed by
Hannink et al. [2] were successfully predicted. The model also predicted the “gable roof”
pattern on free surfaces reported by observations using Atomic Force Microscopy. The
simulation results showed that the initial condition on order parameters do not affect
twining patterns and martensitic volume fraction, which was in marked contrast to the
effect of mechanical boundary conditions.
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CHAPTER IV
PHASE FIELD MODELING OF STRESS INDUCED TETRAGONAL
TO MONOCLINIC TRANSFORMATION IN ZIRCONIA AND ITS
EFFECT ON TRANSFORMATION TOUGHENING

(Acta Materialia, Volume 64, February 2014, Pages 208–219)

4.1

Abstract
This paper proposes a two dimensional elastic phase field model for capturing the

effect of external stress on the tetragonal to monoclinic (T→M) phase transformation in
zirconia. The model was able to predict the sensitivity of the monoclinic microstructural
formation and evolution to the external loading conditions. The effect of stress on T→M
phase transformation was captured by explicitly applying stresses on the computational
domain by entering them in the mechanical equilibrium equations as boundary
conditions. Simulation results showed that regardless of the stress loading direction, the
monoclinic twinning plane always corresponded to {100}m. Results of simulations
showed that external stress favors the production of monoclinic variants which exhibit
transformation strains aligned with the applied stress direction. When applied to the
transformation toughening phenomenon in zirconia, the model was able to elucidate the
mechanisms of phase transformation ahead of a crack tip including the generation of a
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compressive stress field responsible for retardation of further crack growth. This work
presents the first model which is capable of demonstrating the process of transformation
toughening and crack closure in zirconia.
4.2

Introduction
Owing to the stress induced tetragonal to monoclinic (T→M) phase

transformation, stabilized zirconia ceramics show outstanding transformation toughness
properties [1,2], which extend their structural applications from bearing and wear
applications to thermal barrier coatings and biomedical applications [3].
The increase in fracture toughness depends mainly on the size and the shape of
the transformed zone [4]. Existing models capturing transformation toughening of
zirconia ceramics show somehow a limited predictability as the shape for the transformed
zone was a mere model input, usually chosen just to reduce the mathematical complexity
[5,6]. Beside the issue related to transformation zone shape, the volume fraction of the
product phase was an important input in those models and having a correct value for it
played a crucial role in the simulation results. Specifically, an unphysical hypothesis on
the transformed zone shape becomes an important issue for tetragonal zirconia
polycrystalline (TZP) materials. These materials exhibit in fact a rather strange branching
in the shape of the transformed zone. Furthermore, when loading and boundary
conditions are changed, one material may have variously different transformation zones
and transformation volume fractions.
These substantial current gaps in understanding and predicting transformation
toughening in stabilized zirconia motivated this work. In this paper, we present a phase
field model which incorporates the bilateral effect between stress generation and the
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corresponding T→M phase transformation in zirconia. The microstructural patterning of
T→M phase transformation under different loading condition were simulated and
discussed. The model was benchmarked in studying various phenomena of important
consideration in the transformation toughening in zirconia. The model was shown to be
reliable in predicting the transformation zone and stress field around crack tips.
4.3

Stress induced martensitic phase transformation
Scheil [7] was the first who showed the martensitic phase transformation (MPT)

enhancement by stress. Kulin et al. [8] studied the effect of stress on MPT on ferrous
alloys. After their work several studies have reflected the effect of stress on martensitic
transformation of ferrous alloys [9–11].
Stress free MPT starts spontaneously on cooling at the MS temperature
(martensitic transformation start temperature on cooling) and continues by decreasing
temperature since the chemical driving force increases. To initiate transformation,
chemical driving force must be enough to overcome strain energy associate with
transformation accommodation and interface energies of parent-product interfaces [2].
For temperatures above the MS temperature, the chemical free energy is not enough to
trigger MPT, but by applying appropriate external loading the transformation may start.
Patel and Cohen [9] showed that the energy of applied elastic stresses can be
added algebraically to chemical driving force so it can change the effective
transformation temperature. The applied stress contribution to driving force depends on
the nature of external loading and the orientation of possible habit plane (plane between
parent and product) with respect to applied stress direction. The external load has a shear
component lying on the habit plane and a normal component normal to the habit plane.
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The work done by external load would be added algebraically to the chemical driving
force and facilitates or hinders the transformation. Patel and Cohen [9] showed this work
for a two dimensional case which is:

U work  1 2  0 a sin 2  1 2  0 a (1  cos 2 ) ,

(4.1)

where  0 and  0 are shear and dilatational components of the shape strain, respectively,

 is the angle between normal direction to any potential habit plane and applied stress,
and  a is the absolute value of applied stress. In general, the work done by external
stress is:

U work   ija  ijtot ,

(4.2)

where  ijtot is total strain.
Comparison of the shear (~0.16) and dilatational (~0.04) components of the shape
strain of T→M phase transformation in zirconia reveals the significant influence of shear
component on the phase transformation. Patel and Cohen’s [9] equation shows that even
for a compressive loading which the dilatation work term is negative (hinder the
transformation), under a suitable orientation the shear component of compressive load
can generate positive work and make the total work to be positive and assistance the
transformation. Lankford [12] confirmed the dominance of shear component in the stress
induced MPT in zirconia by reporting of MPT under uniaxial compression. Chen et al.
[13,14] have done several experiments and showed the T→M transformation in zirconia
ceramics under compressive loadings which corroborate the shear dominancy of T→M
in zirconia.
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In addition to external stresses, internal stresses can also trigger the MPT. Thus,
the initial transformation itself can produce some local internal stresses which trigger the
MPT at neighboring regions. This phenomenon actually gives rise to formation of selfaccommodated martensite plates. When a martensitic plate forms its shape strain inserts
some opposite stress to the neighboring matrix, these stresses progressively increase and
finally can halt the transformation. When the neighboring matrix is under local internal
stresses, it could lead to formation of another martensitic plate, and this formation
procedure can transform the whole domain. If the shear strains of different martensite
variants (variants are all possible martensite unit cell which can form from one parent
unit cell [15]) were equal and opposite, they would accommodate each other and the final
microstructure would not show long distance shear stress effect, unlike dilatational
component of shape strain which cannot be accommodated.
4.4

Phase field modeling of stress induced T→M phase transformation
There are different approaches [16–18] for phase field modeling of MPT which

have been reviewed comprehensively in [19]. In our previous work, we proposed a phase
field model for thermally induced T→M phase transformation [15] which well predicted
the experimental observations on T→M phase transformation. In this work we extend the
model to cover the effect of external stresses.
To ensure a pragmatic approach, we adopted the assumption that the
transformation is improper. Recent advances in interfacial defect theory [20] formally
illustrated the mechanisms through which a general transformation twinning induced
martensitic transformation occurs. Hirth and Pond [20] showed in martensitic
transformation both proper and improper can happen, and they can actually happen at the
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same time, depending on the mechanical, dislocation, and chemical states of the parent
and martensite interface as well as the boundary conditions.
In the phase field method, a multi domain microstructure can be described by a
set of phase field variables. In the case of T→M phase transformation, non-conserved
phase field variables are the possible variants of the monoclinic phase. The temporal and
spatial evolution of non-conserved phase-field variables is described by
phenomenological time dependent Ginzburg-Landau kinetic equation [21]:
 p (r, t)
t

 L

F
 p (r, t)

p  1, ..., n ,

(4.3)

where  p represent the p th variant of monoclinic, L is the kinetic coefficient, F is the
total free energy of system and F  p (r,t) is the thermodynamic deriving force for
spatial and temporal evolution of  p . The value of  p varies from 0 to 1; where  p  1
shows that the variant p th of monoclinic phase exists, and where  p  0 , it is either one
of the other monoclinic variants or the parent phase.
The total free energy can be written as the summation of chemical free energy and
elastic strain energy:
F  Fch  Fel .

(4.4)

Chemical free energy, the driving force of MPT, can be written as [16]:



1 n
Fch    f (1 ,2 ,,n )    ij ( p)i p  j p dV
2 p 1
V 
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n  1,..., p
,

(4.5)

where ij ( p) is a positive gradient energy coefficient and  is the gradient
operator. f (1 , 2 , , n ) is the local specific free energy which defines the basic bulk
thermodynamic properties of the system. f (1 ,2 , ,n ) can be approximated by the
Landau polynomial in terms of long-range order parameters  p . We selected the simplest
sixth-order polynomial form for the local specific free energy:
b
c
a

f (1 , 2 ,, n )  G  (12   22     n2 )  (14   24     n4 )  (12   22     n2 ) 3 ,
4
6
2

(4.6)

where G is the chemical driving force representing the difference in the specific
chemical free energy between the parent and the equilibrium martensitic phase. a , b
and c are the expansion coefficients at a fixed temperature.
We assume that the positive gradient energy coefficient is isotropic (  ij   ij ),
therefore the chemical free energy can be simplified as:



1 n
Fch    f (1 ,2 , , n )    (i p ) 2 dV
2 p 1
V 
 .

(4.7)

The elastic strain energy for a system under the applied stress would be,

Fel 

1
Cijkl  klel  ijel dV    ija  ij0 dV

2V
V

(4.8)

where the elastic strain  ijel (r) is the difference between the total strain,  ijtot (r) , and the
stress free strain,  ij0 (r) :
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 ijel (r )   ijtot (r )   ij0 (r )   ijtot (r )    ij00 ( p) p2 (r ) .

(4.9)

p

To calculate the strain energy in the domain of study, the Ginzburg-Landau
equations must be coupled to mechanical equilibrium equations to give the displacements
in the domain:
 ij
rj

4.5

0.

(4.10)

Model system and computational parameters
In this work, we study the stress induced T→M phase transformation in a 2D

single crystal constrained into an un-transformable matrix (Figure 4.1). The domain
dimension is 2 m  2  m and the initial value of 1 and  2 is zero (tetragonal) except
for the single multi-variant monoclinic embryo where 1   2  0.5 . The initial value of
displacement is zero in the whole domain. Boundary condition for order parameters is:
n  i  0, i  1,..., p ,

(4.11)

where n in the normal direction to the boundaries. A constant homogeneous temperature
of T  1220K was considered.
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Figure 4.1

Tetragonal single crystal with initial multi variant monoclinic embryo,
embedded in un-transformable matrix.

Smallest transformation strains in zirconia for 2D T→M belong to the ABC
variants ( (001)m  (001)t ; [100]m  [100]t ), and are [15]:
0.0049 0.0761 00
 0.0049  0.0761
,  ij (2)  

.
 0.0761 0.0180
  0.0761 0.0180 

 ij00 (1)  

We considered inhomogeneous elasticity and defined a smooth transition from
tetragonal to monoclinic elastic constants through the following equation:
n

n

i 1

i 1

C  P(   i )C M  (1  P(   i ))C T ,

(4.12)

where CM and CT are monoclinic and tetragonal elastic constants, respectively, n
is the number of order parameters, and:
P( )   3 (6 2 15  10) .

(4.13)

We used COMSOL Multiphysics to solve the PDEs [21]. The calculation domain
was discretized by 10,000 four-noded quadratic rectangular elements; the whole system
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had 161,604 degrees of freedom. For time integration, an adaptive time-step algorithm
was implemented; at the initial stages of the growth, time steps less than 1  10 10 s were
used to guarantee the convergence of the solution, and at the later stages of growth, time
steps less than 6  10 10 s were sufficient to ensure the convergence.
The input parameters of the model are given in the tables 4.1, 4.2 and 4.3.
Table 4.1
C11
361

C22
408

Table 4.2

Elastic constants for monoclinic zirconia (Gpa) [22,23].
C33
258

C44
100

C66
126

C12
142

C13
55

C16
-21

C23
196

Elastic constants for tetragonal zirconia (Gpa) [22,24].
C11
327

Table 4.3

C55
81

C33
264

C44
59

C66
64

C12
100

C13
62

Numerical values used for calculation.
Temperature (K)

1220

Chemical driving force (J.mol-1)

588

Gradient energy coefficient, β (J.m-1) 1 x 10-8
Energy density coefficient, a

0.14

Energy density coefficient, b

12.42

Energy density coefficient, c

12.28

Kinetic coefficient, L (m3.J-1.s-1)

2

Domain size (nm x nm)

2000 x 2000

Matrix elastic modulus (Gpa)

210
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C26
31

C36
-18

C45
-23

4.6

T→M phase transformation under different loadings
Generally, there are two ways to consider stress effects in a phase field model of

phase transformation: 1) adding the energy of applied stresses to total free energy [17,25–
27], 2) applying the stresses explicitly on the computational domain by adding them as
boundary conditions to the mechanical equilibrium equations [28]. Equation 4.8
represents the first method, and for the second method we set  a  0 in equation 4.8 and
solve the equilibrium equations (Equation 4.10) with the following boundary condition:

 ij
rj

 0 with tia   ija n j ,

(4.14)

where  ija is the applied stress tensor, tia is its traction vector and n j is the normal vector
to the surface.
The nature of these two approaches is different, but they give the same results. In
the first method, if we turn off the evolution equations of 1 and  2 , the model would not
represent an elastic problem because the stress effects come to play in the evolution
equations. In this method, the equilibrium equation is just a static model with no loading,
and the displacement field develops just because of evolution of 1 and  2 . External
energy term in this method is  ija ij0 and in evolution equation in would have an effect on

1 and  2 as below:
 p
t

   2 ija  ij00 p ,

(4.15)

But, in the second method because stress comes to the model through the
equilibrium equations, and because the elastic response is spontaneous in comparison
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with phase transformation, the domain experiences the elastic deformation even before
phase transformation initiates. In this case the value of initial 1 and  2 are very
effective on elastic displacement field (because we are using inhomogeneous elasticity),
therefore if the initial condition is randomly distributed, the perturbation must be very
small, otherwise the  distribution effect on equilibrium equations results in an
unphysical spontaneous displacement field.
We used the second method for studying stress induced T→M phase
transformation because it is more wide-ranging. Using this method someone can study
effects of concentrated loads and non-uniform loading, while the first method just sees
the effect of external loads far from the applied load position and where the stress
distribution is uniform.
Figure 4.2 shows the evolution of single multi-variant embryo under uniform 300
Mpa tension stress in x-direction and the corresponding internal stresses. At the initial
stages of transformation, the embryo starts to grow in both directions then some
monoclinic variants form with (100)m twinning plane. When monoclinic variants reach
to the upper boundary they grow horizontally and form some temporary twinning planes
in (001)m. They finally vanish as monoclinic grows horizontally. At the equilibrium
stage, most of the domain transforms to monoclinic, except some small regions between
monoclinic variants next to upper and lower boundaries.
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Figure 4.2

Temporal and special evolution of a single multi-variant embryo.

The left column shows the monoclinic variants evolution. The second and third columns
show the evolution of σ11 and σ11-σ22. Rows (1)-(5) correspond to times 0 s, 4e-7 s, 5e-7
s, 8e-7 s, 1.5e-6 s, respectively.
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We also studied the effect of different loadings on stress induced T→M phase
transformation. Figure 4.3 shows the final evolution of multi-variant single embryo
monoclinic under different loadings and their corresponding displacement fields. For case
1, there is no external loading and since the chemical Gibbs energy is not enough to grow
the embryo, no phase transformation happens. In all other cases the external stress is 300
Mpa. Results show that external stresses increase the production of those monoclinic
variants having transformation strains aligned with the applied stress direction (case 5
and 6), the same results has been reported by Artemev et al. [25]. Case 7 shows the phase
transformation of free tetragonal single crystal under compressive loading which justifies
the shear dominance of shape strain. Lankford [12] confirmed the dominance of shear in
stress induced MPT in zirconia by performing experimental study on T→M phase
transformation under uniaxial compression.
Figure 4.3 shows that regardless of stress loading direction, monoclinic twinning
plane would be (100)m. For the cases 2, 3 and 4, at the upper and lower boundaries,
tetragonal phase remains in the system with (801)m and (-801)m habit planes with
monoclinic variant 1 and variant 2, respectively. For cases 5 and 6, due to the dominant
effect of shear in the shape strain, the morphology changes compare to other cases, and
the volume fraction of variant 1 and variant 2 increases, respectively, because they are
along the external shear stress directions. In both cases 5 and 6, the habit plane for the
shear directed variant is (100)m, and the habit plane for the other variant is (-501)m and
(501)m , respectively.

95

Figure 4.3

Final microstructural pattern (column 2) and their corresponding
displacement field (column 3) of T→M phase transformation under
different loading.
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Figure 4.3 (Continued)

Martensite embryo can nucleate at any position in a grain. It can be at the grain or
twin boundaries [29] or at certain stress concentrations such as dislocation tangles inside
the grain [30]. We investigated the effect of single embryo location on microstructural
pattern formation (Figure 4.4) and it was revealed that microstructural patterns may
change completely for different embryo locations. When the embryo is located in the
middle of grain the (100)m would be the twinning plane and small tetragonal phase would
remain un-transformed with (810)m and (-810)m habit planes. When the embryo lies in the
middle of any boundary, the twinning planes would be normal to the boundary, and if the
external load was directed along twinning planes, the remaining tetragonal phase would
be less; results of different simulations presented in Figure 4.4 confirm these statements.
When we applied a hydrostatic stress of 300 MPa, no phase transformation happened (not
shown - similar to Figure 4.3 (1)), because the hydrostatic pressure has no shear
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component and the dilatational component is always compressive so it opposes the
transformation.

Figure 4.4

The effect of initial embryo position on final microstructural pattern and
displacement field.
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The evolution of monoclinic volume fraction for middle embryo initial condition
under different loadings is shown in Figure 4.5. As the figure shows, both pure shear
loadings provide the fastest evolution as shear strain is dominant in shape transformation
strain, but since they do not facilitate the dilatational strain as tension stresses do, they
have less monoclinic phase at equilibrium. A comparison between  xx and  yy in
transformation strain tensor shows that y-direction ( ct ) accommodation is more
important than x-direction ( at ), so the loadings which have y-directional ( ct ) tension
result in faster phase transformation than those having x-directional ( at ) tension.

Figure 4.5

The evolution of monoclinic volume fraction for middle seed embryo under
different loadings.
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4.7

Transformation toughening in zirconia
Transformation toughening is the increase of fracture toughness of materials due

to phase transformation that happens at the crack tip area. For having a successful
transformation toughening some elements are necessary: 1. there must be a metastable
phase which undergoes transformation due to external stress field, 2. the transformation
must be virtually instantaneous, and 3. transformation must be associated with shape
change [1].
Primarily, the transformation toughening was studied for TRIP (transformation
induced plasticity) steels and wear resistance cast irons [31,32]. Zirconia was added to
this list after 1975 when Garvie et al. [33] discovered transformation toughening in
zirconia.
Transformation toughening is beneficial if the net increase of toughness is
positive. The net transformation toughness might be negative if the product phase is
much more brittle than the parent phase. This makes a significant problem for TRIP
steels where the new martensitic phase grown around the crack tips is more brittle than
the austenite phase. For zirconia ceramics, the net toughness is positive because the
brittleness of both parent and product are the same [1].
There have been several theoretical and experimental works on transformation
toughening in zirconia [6,13,34,35]. There are mainly two approaches for modeling
transformation toughening. The first approach was developed by McMeeking and Evans
[5] which computed the stress-shielding effect resulting from the transformation-induced
strains near the crack tip by using linear elastic fracture mechanics. The second approach,
developed by Budiansky et al. [6], was an energy method and considered the work of
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fracture due to transformation. The accuracy of these models is extremely dependent on
accuracy of transformation zone shape, size and volume. Therefore, the ability to
compute the phase transformation zone at a crack tip is crucial to determine the
transformation toughening due to phase transformation. The phase field model,
developed in section 4.3, enables us to study and observe the process of transformation
toughening from martensite nucleation at crack tip to final crack closure.
The model that we investigate is a 2 m  2 m grain with a 0.8m  0.04 m
ellipsoidal crack in the middle (Figure 4.6). The grain is constrained among an untransformable matrix and is subjected to a step external stress which gradually increases
from zero to 100 Mpa in 1 microsecond (Figure 4.7).

Figure 4.6

The configuration and dimensions of a faulted grain.
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Figure 4.7

The loading mode and the profile of applied stress.

In constant stress fracture, as the stress being imposed on the boundary the local
stress increases rapidly at the crack tip which triggers the T→M phase transformation.
Phase transformation continues as long as chemical driving force and external load are
superior to elastic and interfacial energies. Since the MPT does not accommodate
dilatational component of the transformation strain, and nature tends to accommodate this
strain in the easiest way, the monoclinic variants look for free surfaces to accommodate
this strain which in this case is the crack surface. As expected, after transformation
nucleation at the crack tip the transformation tends to form more on the crack surface
than crack forehead, so almost all the tetragonal phase on crack surface transforms to
monoclinic, and its dilatation strain is accommodated at the crack face which helps the
crack closure. Figure 4.8 shows the process of crack closure during T→M phase
transformation. The model parameters are same as Table 4.3, except the chemical driving
force is 217 (J.mol-1) and the external stress at steady stage is 100 Mpa. The initial
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condition for order parameters is a very small random perturbation which has normal
distribution with mean of 0.04 and standard deviation of 0.001.
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Figure 4.8

The first column shows nucleation and evolution of monoclinic phase in a
cracked tetragonal single crystal under tension stress, the second column
shows the correponding displacement field in whole crystal and the third
column shows the displacement at crack tip. Rows (1)-(5) correspond to
times 0 s, 1e-6 s, 1.4e-6 s, 1.6e-6 s, 2.5e-6 s, respectively.
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Figure 4.9 shows a comparison between the distribution of normal stress and
displacement field in constant stress fracture at the crack tip for two cases: 1. when
material can experience phase transformation under loading, and 2. when material is untransformable. This comparison reveals the effect of phase transformation on
transformation toughening. In the case 1, external loading creates high strain energy at
crack tip and initiate T→M phase transformation which continues to the point that strain
energy of transformation and interfacial energy between parent and product overcome the
chemical Gibbs and external load energies. This phase transformation creates a
compressive stress field around crack tip and gives rise to fracture toughness increase and
crack closure. The un-transformable case is a simple elasticity problem and stresses
increase at crack tip due to stress concentration.
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Figure 4.9

4.8

Comparison of normal stress distribution (first row) and displacement field
(second row) at crack tip between a transformable (left) and untransformable tetragonal (right).

Conclusion
Zirconia based ceramics have been considered as a main structural ceramics since

their transformation toughening was discovered [33]. Classically, there were two
approaches for studying transformation toughening in zirconia. first approach, developed
by McMeeking and Evans [5], study the stress-shielding effect at the crack tip due to the
residual strain fields which develop following transformation using linear elastic fracture
mechanics. The second approach, developed by Budiansky et al. [6], directly estimate the
energy dissipation due to transformation that occurs as the crack advances. The accuracy
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of these methods depends on transformation zone shape, size and volume. Therefore, a
model able to simulate T→M phase transformation evolution seems necessary to study
transformation toughening in zirconia. In this work, we presented a phase field method
for stress induced T→M phase transformation in zirconia and studied the morphology of
microstructure under different type of loadings and nucleation position. The model was
used to simulate the process of transformation toughening which correctly predicts the
phase transformation nucleation at the crack tip and shows how T→M phase
transformation can develop a compressive stress at crack tip and lead to crack closure
while the crack is under tension loading.
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CHAPTER V
SHAPE MEMORY EFFECT AND PSEUDOELASTICITY BEHAVIOR
IN TETRAGONAL ZIRCONIA POLYCRYSTALS:
A PHASE FIELD STUDY

(International Journal of Plasticity, DOI: 10.1016/j.ijplas.2014.03.018)
5.1

Abstract
Martensitic tetragonal-to-monoclinic transformation in zirconia is a “double-

edged sword”, enabling transformation toughening or shape memory effects in favorable
cases, but also cracks and phase degradation in undesirable scenarios. In stressed
polycrystals, the transformation can burst from grain to grain, enabling stress field
shielding and toughening in an autocatalysis fashion. This transformation strain can be
recovered by an adequate thermal cycle at low temperatures (when monoclinic is stable)
to provide a shape memory effect, or by unloading at higher temperatures (when
tetragonal is stable) to provide pseudoelasticity.
We capture the details of these processes by mining the associated microstructural
evolutions through the phase field method. The model is both stress and temperature
dependent, and incorporates inhomogeneous and anisotropic elasticity. Results of
simulations show an ability to capture the effects of both forward (TM) and reverse
(MT) transformation under certain boundary conditions.
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5.2

Introduction
Zirconia based ceramics are gaining a vast application in High-Tech industry.

They are strong, hard, tough, smooth, and resistant to oxidation, consequently they
naturally find integration in advanced cutting tools, gas sensors, refractories, and
structural opacifiers [1]. Owing to their biocompatibility, cutting-edge applications also
comprise biomedical and athletic industries [2,3].
Zirconia exhibits three crystalline polymorphs: monoclinic, tetragonal and cubic.
In pure zirconia, monoclinic is stable below 1170oC, and above this temperature, the
tetragonal structure takes place and persists up to 2370oC. Then, transformation to the
cubic phase occurs and persists up to the melting temperature. During industrial or
laboratory processing, the tetragonal phase transforms to monoclinic at temperatures
which depend on the cooling rates and composition (970oC at equilibrium). The
tetragonal to monoclinic (TM) transformation proceeds by nucleation and migration of
martensitic interfaces [4], which induce approximately 0.04 and 0.16 of dilatation and
shear strain, respectively. Although the transformation strain enables a natural toughening
mechanism in many applications [5], it is generally regarded as a “double-edged sword”.
The inherent stress generated by the transformation can, in a limiting case, develop
detrimental triaxialities, which lead to crack formation and ultimately, material failure.
Moreover, many applications require rather the tetragonal crystal structure at service
operation so any phase transformation shall be prevented [3,6].
A key to alloy and component design efforts is to understand how this
transformation evolves in a boundary value problem, and how internal and external
stresses upset the driving forces. Countless examples in the thermal barrier coating (TBC)
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literature demonstrate where twin-twin interactions and transformation induced stress are
associated with fracture initiation, and there are a number of micro-mechanism
hypotheses to explain these phenomena.
As the TM transformation in zirconia is thermoelastic [7,8], shape memory
effect (SME), can be expected. In the last decades several experiments have shown SME
and pseudoelasticity in zirconia ceramics [7,9–11].
In SME study, several constitutive models were constructed based on
experimental observations. These constitutive models are categorized into macrophenomenological or micromechanical models. Macro-phenomenological models [12–
19] are constructed only from the macroscopic experimental data, but micromechanical
models (e.g. crystal plasticity) [20–25] consider the microscopic physical nature of
transformation.
Recently, the phase field method has become a powerful tool for simulating the
microstructural evolution in a wide variety of material processes, such as solidification
[26–33], solid-state phase transformations [34–40], precipitate growth and coarsening
[41–44], martensitic phase transformations [36,45–47] and grain growth [48–51].
Although mesoscale by nature, the PF method has a phenomenological character,
which enables an ease in the derivation of governing equations from classical
thermodynamics and kinetics principles [53]. Many theoretical studies showed the
reliability of this method in predicting morphological and microstructural evolution in
several polycrystalline materials [27,52,54,55].
For martensitic phase transformation (MPT) which gives rise to shape memory
effect there are different phase field approaches based on their order parameters,
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thermodynamic potentials, model formulation, and numerical methods. Recently,
Mamivand et al. [60] reviewed and discussed extension of the PF modeling approach to
MPT. Generally, there are three different phase field modeling approaches to study MPT
based on Ginzburg-Landau theory [61]. In the first approach, primary order parameters or
phase field variables are considered to be some components of the strain tensor, and
consequently, in this approach the free energy density is a polynomial in terms of strain
components [62–67]. In the second approach, primary order parameters are related to
atomic shuffles, and the free energy is a Landau polynomial in terms of primary order
parameters plus a linear or quadratic term which couples order parameters and the strain
tensor [36,59,68–74]. The third approach uses the same order parameters as the second
approach, however, it couples the strain tensor components to the order parameter(s)
through a 2-3-4 or higher order polynomial [47,75–79].
The approach we use primarily relies on a vision advanced by Khachaturyan,
Chen and Wang [36,52,69]. Wang and Khachaturyan [36] presented the first 3D model
for generic cubic to tetragonal improper MPT which occurs mostly in ceramics, in a
constrained single crystal; their model was able to predict the major structural
characteristics of martensite during the entire transformation including nucleation, growth
and eventually formation of internally twinned plates in thermoelastic equilibrium
condition with the parent phase.
Wen et al. [80,81] developed a phase field model to investigate the hexagonal to
orthorhombic transformation; they studied the effect of elastic interactions on the domain
formation and evolution during nucleation, growth, and coarsening. They also
investigated the effect of an applied strain field on the domain structure development and
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successfully predicted the special patterns transformation, such as fan and star shape
precipitates. The effect of external stress on MPT was studied by Artemev et al. [69];
they presented a simulation of generic improper cubic to tetragonal MPT and they
showed external stresses increase the product variants having transformation strain
aligned with the applied stresses. External stress also changes the morphology of
martensite particles. Artemev et al. [68] developed a phase field model for proper MPT
and simulated two different type of cubic to tetragonal transformation, with and without
volumetric change in constrained and unconstrained systems.
Jin et al. [70] simulated the cubic to trigonal in AuCd for both single crystal and
polycrystalline and studied the effect of external load on transformation and domain
boundary movement. Artemev, et al. [82] developed a phase field model to describe a
proper cubic-to-tetragonal MPT in a polycrystalline Fe-31at% Ni alloy under an applied
stress. Koyama and Onodera [83] studied another cubic to tetragonal transformation in
Ni2MnGa under external stress and magnetic field. Wang et al. [84] studied the effect of
free surface in multi-variant proper MPT in polycrystals of Au-49.5at%Cd
(cubic→trigonal) and Fe-31wt%Ni (fcc→bcc) alloys. They showed that martensite
microstructures change in the surface layers because of formation of free surfaces, the
concentration of martensite is high near free surfaces and free surfaces effect is local.
They also showed that the free surfaces have more effect in microstructures of the highsymmetry FeNi than that of the low-symmetry AuCd because the latter has more
orientation variants and can achieve better stress accommodation.
Seol et al. [85,86] developed a 3-D phase field model to study kinetics and
morphologies of cubic to tetragonal proper MPT in thin film elastically constrained by a
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substrate. Yamanaka et al. [87] introduced an elastoplastic phase field model based on
Guo et al. [88] to investigate cubic to tetragonal transformation, their model confirmed
that plastic accommodation largely reduces the elastic strain energy during the formation
of the tetragonal phase because of both self- and plastic accommodations. Man et al. [59]
presented a phase field model to study forward and reverse proper MPT with capability
of treating continuously varying temperature. Recently, Yeddu and Malik have
extensively studied the austenite to martensite transformation in steel. They represent a
3D phase field model to capture the stress, strain and temperature induced MPT in steel
[71,72,74,89–93].
The above review shows that substantial research was recently performed to
utilize the phase field approach in studying cubic to tetragonal MPT
[36,68,69,72,72,74,82,83,85–87,94]. However, to the best of our knowledge, there exists
no phase field model for simulating the T→M transformation in zirconia.
Recently, we reported a PF model for both thermally and stress induced TM
transformation within a single crystal. The corresponding simulation results successfully
agreed with classical observations. In fact, the model reproduced well important
characteristics of the transformation, such twinning morphology and transformation
toughening in zirconia [95,96].
In this paper, we extend the above PF model for incorporating the process of
TM transformation in an elastically anisotropic and inhomogeneous polycrystalline
zirconia. We are concerned by reliably predicting the main microstructural, kinetics, and
kinematics features that underlie autocatalytic transformation, shape memory effects, and
pseudoelasticity.
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5.3

Phase field model
The phase field method describes a multi domain microstructure through a set of

phase field variables. In the case of TM phase transformation, non-conserved phase
field variables represent the possible variants of the monoclinic phase. Variants are all
possible monoclinic unit cells which are crystalographically self-similar and obey colored
symmetry point group operations in a dichromatic complex between the two phases [97].
This is simplistically schematized in Figure 5.1.
The temporal and spatial evolutions of the non-conserved phase field variables are
described by the phenomenological time dependent Ginzburg-Landau kinetic equation
[61]:
 p (r, t)
t

 L

F
 p (r, t)

p  1,..., n ,

(5.1)

where  p represent the p th variant of monoclinic, L is the kinetic coefficient, F is the
total free energy of system, and F  p (r,t ) is the thermodynamic deriving force for
spatial and temporal evolution of  p . The value of  p varies from zero to unity; where
the limiting cases  p  1 and  p  0 indicate whether the variant p th of the monoclinic
phase or either the parent phase or other variants exist respectively.
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Figure 5.1

Schematic illustration of possible variants of monoclinic phase during
T→M phase transformation in 2D.

In the MPT problems, the total free energy can be written as the summation of
chemical free energy and elastic strain energy:
F  Fch  Fel .
5.3.1

(5.2)

Chemical free energy
The driving force of MPT, can be written as [36]:



1 n
Fch    f (1 , 2 ,,n )    ij ( p)i p  j p dV
2 p1
V 


n  1,..., p
,

(5.3)

where  ij ( p) is a positive gradient energy coefficient,  is the gradient operator, and
f (1 , 2 ,  , n ) is the local specific free energy density defining the basic bulk
thermodynamic properties of the system. f (1 , 2 ,  , n ) can be approximated by the
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Landau polynomial in terms of long-range order parameters  p . We selected the simplest
sixth-order polynomial form for the local specific free energy which works for
temperatures above and below equilibrium:
b
c
a

f (1 ,2 ,,n )  G  (12  22    n2 )  (14  24    n4 )  (12  22    n2 ) 3 ,
4
6
2


(5.4)
where G is the chemical driving force representing the difference in the specific
chemical free energy between the parent and the equilibrium martensitic phase, and a ,

b and c are the expansion coefficients.
Wang et al. [98] calculated equilibrium temperature for TM phase
transformation in pure zirconia, which they used to assess Gibbs free energy of zirconia
in different phases. According to their work [98], the equilibrium temperature is a
temperature at which the Gibbs free energy of both tetragonal and monoclinic phases are
the same. This temperature for TM is 1367  5 K , and Gibbs free energies for the
monoclinic and tetragonal zirconia are:
M
G ZrO
 1126163.5  424.8908T  69.38751T ln T  0.0037588T 2  683000T 1 ,
2

(5.5)

T
M
GZrO
 5468  4T  GZrO
2
2

(5.6)

where Gibbs free energies and temperature ( T ) are expressed in the J / mole and Kelvin
units, respectively.
We assume that the positive gradient energy coefficient is isotropic (  ij   ij ),
therefore the chemical free energy can be simplified as:
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1 n
Fch    f (1 ,2 , , n )    (i p ) 2 dV
2 p 1

V 
5.3.2

(5.7)

Elastic strain energy
The elastic strain energy for a system under the external applied stress would be,

Fel 

1
Cijkl  klel  ijel dV    ija  ij0 dV ,

2V
V

(5.8)

where the elastic strain  ijel (r) is the difference between the total strain,  ijtot (r) , and the
stress free strain,  ij0 (r) :










 ijel (r )   ijtot (r )   ij0 (r )   ijtot (r )    ij00 ( p)  p2 (r ) .

(5.9)

p

To calculate the strain energy in the domain of study, the Ginzburg-Landau
equations (Eq. 5.1) must be coupled to mechanical equilibrium equations to give the
displacements in the domain:
 ij
 0.
rj

(5.10)

Following Mamivand et al. [95] [95], the external stresses were considered
explicitly on the computational domain by adding them as boundary conditions to the
mechanical equilibrium equations (Eq. 5.10) [71]. In this method, we set  a  0 in Eq.
5.8 and solve the equilibrium equations (Eq. 5.10) with the following boundary
condition:
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 ij
r j

 0 , t ia   ija n j ,

(5.11)

where  ija is the applied stress tensor, tia is its traction vector and n j is the normal vector
to the surface.
5.3.3

Polycrystalline model
To describe the TM transformation in polycrystalline, we need to define a

global coordinate to transfer all local tensorial quantities in different grains. Local
coordinate in each grain lies on crystallographic axes of the parent phase (tetragonal).
Since we treat a 2D problem, the at axis represents the local x-direction and ct axis
represents the local y-direction. To consider elastic anisotropy, the tensorial quantities
which transfer to global coordinate must comprise the transformation strain (Eigen strain)
and elastic stiffness.

 ijG 00  Rik R jl  kl00 ,

(5.12)

G
Cijkl
 Rim R jn Rko RlpCmnop ,

(5.13)

where the  ijG 00 is the transformation strain in global coordinate, Rij is the rotation tensor,
G
 ij00 is the local transformation strain for each grain and Cijkl
and Cmnop are global and

local elastic stiffness tensors, respectively. The 2D rotation tensor for a grain which
makes an angle  with the global coordinates in a clockwise rotation is,

 cos( ) sin( ) 
Rij  
.
  sin( ) cos( )

(5.14)
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Another important physical aspect of MPT in polycrystals is the effect of grain
boundaries (GBs). Several researchers have shown that GBs act as an obstacle against the
progress of MPT progress [99,100]. Malik et al. [101] has incorporated a vision on the
GB effect in phase field. He defined the GB as a rigid barrier opposing the transmission
of martensitic plates, so any martensitic domain in the next grain is assumed to form by a
novel nucleation event and not by propagation. Although not realistic for many other low
symmetry materials [102–104], we adopted the same idea in our model. Mathematically
we assigned the kinetic coefficient at grain boundaries to be zero ( L  0 ), which stops
the martensite lath as it reaches to the grain boundaries.
5.4

Model parameters
In the following, we envisage both thermal and stress induced TM phase

transformation in a 2D polycrystalline zirconia. The domain dimensions are 2  m  2  m
and the initial value of 1 and  2 is zero (tetragonal) except for the single multi-variant
monoclinic embryo where 1   2  0.5 . The initial value of displacement is zero in the
whole domain, and the boundary condition for the order parameters is set by:
n  i  0, i  1,..., p ,

(5.15)

where n in the normal direction to the boundaries. A constant homogeneous temperature
of T  1170K was considered.
Three crystallographic correspondences or symmetry operations exist for the
TM transformation. Each correspondence shows which atom at the parent structure
becomes which atom at the product phase. That is, one has ABC, BCA and CAB,
indicating that at, bt, ct of the tetragonal phase change into am, bm, cm; bm, cm, am and cm,
121

am, bm, respectively. Since at and bt are equal, two variants exist for each correspondence.
Variants are crystallographically equivalent, but rotated 90o with respect to each other.
For example in correspondence ABC one variant, ABC, emerges when at, bt, ct becomes
am, bm, cm and the other variant, BAC, rises when at, bt, ct becomes bm, am, cm. Inasmuch
as the monoclinic axes are not perpendicular, two different orientations exist for each
variant, depending which axis (am or cm) is parallel with their tetragonal counterpart axis.
For example the variant ABC-OR1 shows am parallel to at and ABC-OR2 shows cm
parallel to ct. The more interested reader may refer to [96,105,106] for more details on
the crystallography of TM transformation.
The smallest transformation strains in zirconia for 2D TM belong to the
correspondence ABC ( (001)m  (001)t ; [100]m  [100]t ), and are according to
0.0049 0.0761 00
 0.0049  0.0761
Mamivand et al. [96]:  ij00 (1)  
,  ij (2)  

.
 0.0761 0.0180
  0.0761 0.0180 
In 2D, the transformation strains for both ABC-OR1 and ABC-OR2 variants are
identical, so the chance for having any of them is equal.
We considered inhomogeneous elasticity and defined a smooth transition from
tetragonal to monoclinic elastic constants through the following equation:
n

Cijkl  P(  i )Cijkl
i1

M

n

T
 (1  P(  i ))Cijkl ,

(5.16)

i1

M
T
where Cijkl
and C ijkl
are monoclinic and tetragonal elastic constants, respectively, n is the

number of order parameters, and:
P( )   3 (6 2 15  10) .

(5.17)
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We used COMSOL Multiphysics to solve the PDEs [107]. The input parameters
of the model are given in Tables 1, 2 and 3. Chemical driving force was derived from Eq.
(5.5) and (5.6), gradient energy coefficient was selected in a way to give a reasonable
interface thickness (few nanometers) [39]. a, b, and c are selected somehow to provide
global minima at the parent phase and at all the product variants [96]. L, the GinzburgLandau kinetic coefficient, was arbitrary selected since there is no report on the speed of
the phase transformation in zirconia.
Table 5.1

Elastic constants for monoclinic zirconia (Gpa) [108,109].
C11

C22

C33

C44

C55 C66

361 408 258 100 81

Table 5.2

C12

126 142 55

C23

C26 C36

-21 196 31

Elastic constants for tetragonal zirconia (Gpa) [108,110].
C11

C33

C44 C66 C12

327 264 59

Figure 5.2

C13 C16

64

C13

100 62

Numerical values used for calculation.
Temperature (K)

1170
-1

Chemical driving force (J.mol )

788
-1

Gradient energy coefficient, β (J.m ) 1 x 10-8
Energy density coefficient, a

0.14

Energy density coefficient, b

12.56

Energy density coefficient, c

12.42

Kinetic coefficient, L (m3.J-1.s-1)

2

Domain size (nm x nm)

2000 x 2000
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C45

-18 -23

5.5

Simulation results and discussions
In order to study the effect of crystal lattice orientation with respect to the global

coordinate on TM transformation, we first focus on the evolution of monoclinic in three
single crystals with different lattice orientations. Figure 5.2 shows the geometry and
dimensions of the single crystals model. The initial condition on the order parameter is a
multi-variant single embryo at the middle of crystal. For the displacement boundary
condition, we assume the crystal embedded in an un-transformable tetragonal zirconia
matrix.
The domain was discretized by four-noded quadratic rectangular elements with
element size of 2 nm; for time integration, an adaptive time-step algorithm was
implemented. During early stages of the growth, time steps less than 1  10 10 s were used
to guarantee the convergence of the solution, but at later stages of growth, time steps less
than 6  10 10 s were sufficient.
Figure 5.3 shows the final microstructural pattern of three single crystals with
different lattice orientations. In 2D case, the monoclinic variants can happen in two ways:
ABC-OR1 and ABC-OR2. In ABC-OR1 case, am remains parallel to at , and in ABCOR2 case, cm remains parallel to ct . ABC-OR1 and ABC-OR2 have the same
transformation strain since they are related by a rigid body rotation. Therefore they have
a same chance of formation in TM transformation. The twining planes for these
variants are 90o different and their formation depends on grain shape, nucleation site,
external loadings, and boundary conditions. System selects between ABC-OR1 and
ABC-OR2 based on maximum accommodation and minimum strain energy. The
simulation results show that the   0o case leads to variant ABC-OR2 (with twinning
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plane of (100)m), while for   15o and   80 o , the ABC-OR1 variant (with twinning
plane of (001)m) takes place. When   0o , small tetragonal remains are visible next to
the upper and lower boundary. However, for   15o and   80o , the entire domain
transforms to the monoclinic phase.
The existence of (100)m and (001)m twining planes was confirmed in experimental
observations of Bansal and Heuer [111,112] and Buljan et al. [113] respectively. Simha
[114] calculations also derived similar conclusions.

Figure 5.3

Tetragonal single crystal with initial multi variant monoclinic embryo,
embedded in un-transformable matrix.
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Figure 5.4

5.5.1

Final microstructural patterns of TM transformation of embedded single
crystals with different lattice rotation. (Plots represent η1+2η2)

TM transformation in polycrystalline
We constructed a 2D tetragonal zirconia polycrystal (TZP) with 15 grains with

average grain size of 600 nm. The domain size was 2 m  2 m , which we assumed
constrained by an un-transformable tetragonal phase on the bottom, left, and right -hand
sides, but free for transformation on the top (Figure 5.4). Different researchers [115–118]
independently showed that the GBs and other similar defects are favorable places for
martensitic nucleation. These conclusions have motivated us to put the multi-variant
embryo at GBs. The polycrystal texture was fairly random.
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Figure 5.5

The geometry and texture of polycrystal model, constrained by untransformable tetragonal on three side and free from top.

The initial condition for order parameters in the grain containing the seed is zero
except at seed embryo where 1  2  0.5 . For the other grains, because the GBs
constitute impenetrable barriers, we needed to assign a very small perturbation (Normal
distribution with mean=0.01 and standard deviation=0.002) to the order parameters for
enabling phase transformation under any suitable local external stress imposed by
interactions with neighboring grains. The initial condition for displacement is zero in the
whole domain, and boundary conditions for the ith order parameter is;
n  i  0, i  1,..., p .

(5.18)
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The boundary conditions for the mechanical equilibrium equation are defined in a
fashion to satisfy the physical constraints inherent to the geometry of Figure 5.4. The
input parameters are identical to those listed in Tables 5.1, 5.2 and 5.3.
The temporal and special evolution of monoclinic variants ( 1 , 2 ), the stresses

 11 and  11   22 are shown in Figure 5.5. In polycrystals which can experience the
MPT, when the transforming region in one grain reaches the neighboring grains, local
stress substantially deviating from the macroscopic stress arise. These local stresses may
trigger stress-induced MPT in other grains. This phenomenon is known as autocatalytic
transformation and has been reported experimentally in TZP [11,105]. Results reported in
Figure 5.5 demonstrate how the autocatalytic transformation facilitates the MPT in
tetragonal zirconia polycrystal.
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Figure 5.6

The temporal and spatial evolution of monoclinic embryo in tetragonal
zirconia polycrystal.

The left column shows the monoclinic variants evolution (Plots represent η1+2η2). The
second and third columns show the evolution of σ11 and σ11-σ22. Rows (1)-(5) correspond
to times 0 s, 2.4e-7 s, 2.8e-7 s, 3.7e-7 s, and 5e-6 s, respectively.
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At the first stages of MPT, the embryo grows in the parent grain, and so for the
corresponding displacement field (Figure 5.5). The displacement field reaches a critical
magnitude for triggering a new the TM transformation in the neighboring grains. This
nucleation cascade is well captured by the model. Row 2 shows the preference MPT
nucleation at low angle boundaries in conformance with recent reports on deformation
twinning nucleation in magnesium (El Kadiri et al., 2013a). Both Grain-35o and Grain15o are in touch with parent grain (Grain-68o), but the TM was triggered first at Grain35o since it forms a lower angle boundary with the parent grain. Row 3 shows the process
of autocatalytic transformation. When the monoclinic lath at Grain-35o reached the
Grain-66o, the corresponding displacement field provided a sufficient external stress level
for triggering TM transformation in the Grain-66o. This process of autocatalytic
transformation was responsible for the invasion of TM transformation in the whole
simulated domain. Any monoclinic lath which reaches neighboring tetragonal grain
worked in triggering TM transformation in it. In row (4) it looks like the variants are
crossing the grain boundary, for e.g. Grain-66 and Grain-59, but it needs to be mentioned
that the reason, it may looks like grain boundary penetration is the autocatalysis
transformation and low angle boundary between the grains (9 degree).
In Figure 5.5, comparison between microstructures of Grain-35o (Figure 5.4) at
stage 4 and stage 5 shows how transformation strains developed in neighboring grains
can change the monoclinic from one variant to another (Figure 5.6). In Figure 5.6 (a),
Grain-35o has ABC-OR2 with (100)m twining plane. As the neighboring grains transform
to monoclinic, their deformations impose an internal loading to Grain-35o (Figure 5.6
(b)). Since the existing twin cannot accommodate the imposed loading, it transforms to
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ABC-OR1 (Figure 5.6 (c)) which can easily accommodate it. Figure 5.6 shows the
process of variant reorientation due to developing internal stresses.

Figure 5.7

5.5.2

Transformation of monoclinic variant from ABC-OR2 (a) to ABC-OR1 (c)
due to internal stresses (b) developed by transformation strains in
neighboring grains (Deformation scale 5X).

Stress-strain response of the TZP
In this section we study the stress-strain curve of tetragonal polycrystalline

zirconia. As we did not consider the plastic strain in our formulation (Eq. 5.9) this model
did not consider the transformation plasticity into account. Figure 5.7 shows the model
we used for studying the stress-strain curve in TZP. The whole domain (ABLK) is
10 m  2 m , and the size of the polycrystal section (EFGH) is 2 m  2 m .

The ABFE and GHLK are two un-transformable tetragonal domains that have
been added to reduce the local effects of boundary conditions. The texture of polycrystal
domain (EFGH) was similar to Figure 5.4. The lower horizontal edge (AB) was fixed in
y-direction, while the four short vertical edges on the top and bottom (AC, BD, IK, JL)
were constrained in x-direction. A linear increasing external stress has been applied to the
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upper most horizontal edge (KL). The initial condition for order parameters in all grains
corresponded to a random normal distribution with mean=0.01 and standard
deviation=0.002. The Ginzburg-Landau equations (Eq. 5.1) were only assigned to the
polycrystal section, but the equilibrium equation (Eq. 5.11) governs the whole domain.
The input parameters were identical to the previous simulations, except for the chemical
driving force which was equal to 388 J / mole corresponding to T=1270 K.

Figure 5.8

Domain geometry and its mechanical boundary and loading condition to
study the stress-strain curve.
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Figure 5.8 shows the stress-strain curve for the TZP and corresponding domain
microstructure at different loading conditions. Since the chemical driving force is not
adequate, external mechanical energy is required to trigger the TM transformation as
well. Three noticeable regimes exist in this curve. In the first regime, the material
behaves elastically, and the microstructure consists of a stable, homogeneous tetragonal.
As stress increases, the tetragonal phase loses its stability and ultimately, the initiation of
monoclinic phase at some grains occurs. During the second regime, the material shows a
flat regime with constant stress. At this stage the martensitic transformation propagates
over an extended region without interruption (burst-like transformation). Indeed, this is
the autocatalysis transformation which leads to a flat regime behavior of TZPs.
Autocatalysis transformation terminates when the transformable matrix is partitioned into
isolated pockets. The last stage corresponds to a strain hardening regime with an
increasing flow stress. This stage begins as autocatalysis terminates. For this regime, the
microstructure is mainly monoclinic, except for some small portions of the tetragonal
phase, which shrink as external load increases.
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Figure 5.9

5.5.3

Stress-strain curve for TZP under uniaxial tension and its corresponding
microstructure evolution and deformed shapes.

Shape memory effects
Since the TM transformation in zirconia is thermoelastic [7,8], shape recovery,

or alternatively termed shape memory effect (SME), can be expected. The shape memory
effect in zirconia ceramics has been reported in several experiments [7,119,120]. Though
zirconia ceramics are brittle in comparison to other shape memory alloys, their chemical
inertness, high strength and high operational temperature make them an attractive shape
memory ceramic [121]. TM transformation occurs at characteristic temperatures, let
say Ms (martensite start temperature). however, it can also be promoted by stress effects
at temperatures higher than Ms. In this case, if the specimen is reheated up to As

134

(austenite start temperature), the MT soon occurs, and transformation strain can be
recovered.
The same model described in preceding section (Figure 5.7) was used to study the
SME in TZP. The loading cycle started at constant temperature (1270 K) with a linear
increasing stress from zero to 45 Mpa in 2.1 µs, then it was kept constant for 0.2 µs and
again decreased to zero in 2.1 µs. After stress cycle, we increased the temperature from
1270K to 1370K, and then cool it down again to 1270 K.
Figure 5.9 illustrates the SME in TZP and the evolution of microstructure during
the loading cycle. Reyes-Morel et al. [7] also reported a similar SME cycle in their
experimental studies on CeO2-srabilized tetragonal zirconia polycrystals (Ce-TZP). At
the beginning, the chemical driving force is low, as tension stress increases the
accumulation of chemical and mechanical energies reaches the critical value for
triggering the TM (yield point in Figure 5.9). Then, the specimen experiences a burstlike transformation due to the autocatalysis transformation. After complete unloading,
1.55% residual transformation strain remained in the material. Subsequent heating
produced a gradual recovery of the axial strain due to the MT reversion. During the
recovery phase, the material experienced another burst-like transformation which
occurred when the temperature increased to sufficient levels for enabling the formation of
a stable tetragonal phase. The burst transformation in MT is smaller than burst in
TM, which is typical and has been reported in experiments as well [7,11].
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Figure 5.10

Stress-strain curve for TZP under uniaxial tension at 1270 K with
temperature-strain curve showing shape recovery on heating,
corresponding microstructure evolution cycle and deformed shapes.
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5.5.4

Pseudoelasticity
Pseudoelasticity or shape recovery during unloading has been reported

experimentally in zirconia based ceramics [7,9]. Pseudoelasticity happens at the
temperatures higher than the equilibrium temperature at which tetragonal is the stable
phase. At high temperatures the direct and reverse phase transformations occur at stresses
of the same sign, and transformation strains vanish at zero external stresses. At low
temperatures, as we discussed in the prior section, there was residual transformation
strain at zero external stresses, therefore a heat treatment was necessary to reverse the
phase transformation, that behavior was referred as shape memory effect
(pseudoplasticity).
The represented potential in Eq. 5.4 with the given parameters in table 5.3 is
suitable for temperatures lower than the equilibrium temperature; for temperatures higher
than equilibrium temperature, we need to change a , b and c so that the local specific
free energy produces tetragonal as the stable phase and monoclinic as the metastable
phase. a , b and c are the expansion coefficients at a fixed temperature, and although
they are not dominant in microstructure evolution, they must be selected in a way that: 1)
maintain the same value of the interfacial energy within the physical reasonable range,
and 2) provide global minima at the parent phase ( 1   2     n  0 ) and at all the
product variants. For pseudoelasticity model we assign a, b and c to be 40, 148 and 108
respectively. Figure 5.10 demonstrates the mechanical behavior and microstructural
evolution of tetragonal zirconia polycrystal for a temperature higher than the equilibrium
temperature (T=1380 K).
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Noticeable features in pseudoelasticity behavior of TZP are: 1) in this case there
is no flat regime in stress-strain curve, instead, a stable regime of gradual strain hardening
was found, 2) deformation proceeds even after unloading since phase transformation
continue at the first stages of unloading, and 3) in reverse strain section elastic modulus
gradually decreases because of reverse transformation until last portion of pseudoelastic
loop which is elastic again with initial elastic modulus. Similar mechanical behavior was
reported in experimental studies of Reyes-Morel et al. [7].

Figure 5.11

Stress-strain curve for TZP under uniaxial tension at 1380 K showing shape
recovery on unloading (pseudoelasticity) and corresponding microstructure
evolution.
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5.6

Conclusion
A reliable phase field model was developed to study the tetragonal to monoclinic

transformation in polycrystalline zirconia, which incorporates inhomogeneous and
anisotropic elasticity. The model was constructed to be both temperature and stress
sensitive, in an effort to capture the main physical and mechanical characteristics of
autocatalytic transformation, shape memory effect and pseudoelasticity occurring in
tetragonal polycrystals.
Autocatalysis transformation led to burst-like transformation and enhanced
propagation of the TM transformation over an extended region without interruption. A
homogeneous, metastable matrix and a constant stress or undercooling was required to
trigger the burst. Burst-like transformation stems from internal stresses and finishes up
when the tetragonal domain become partitioned into isolated pockets. The small remained
tetragonal regions shrunk as external stress increased.
Tetragonal zirconia polycrystal stress-strain curve showed a flat deformation
regime because of autocatalysis transformation. This regime terminated after burst-like
transformation stopped, followed by a strain-hardening regime.
Shape memory effect in zirconia ceramics came on from the thermoelastic nature
of reversible TM transformation. This property made the recovery of transformation
strain possible under a thermal cycle, when the specimen is heated to above As and
cooled down to previous temperature.
Pseudoelasticity happens at higher temperatures where tetragonal is stable phase.
At these temperatures martensitic transformation happens just because of external
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loadings. Due to stability of tetragonal, the forward and reverse transformations occur at
stresses of the same sign, and there is a complete shape recovery at zero stress.
The model further enabled monitoring the microstructure evolution at any loading
condition, clearly showing how twinned domains can be detwinned after heat treatment
and unloading.
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CHAPTER VI
THREE DIMENSIONAL PHASE FIELD MODELING OF TETRAGONAL TO
MONOCLINIC TRANSFORMATION IN ZIRCONIA

6.1

Abstract
Tetragonal to monoclinic transformation in zirconia is a double edged sword. It is

beneficial when it leads to transformation toughening in structural applications and
disadvantageous when it leads to low temperature degradation in bio-medical
applications. This chapter presents a 3D phase field model for capturing the temporal and
spatial evolution of a monoclinic embryo in a tetragonal single crystal. Inhomogeneous
elasticity between the parent and different monoclinic variants has been considered. The
simulation results show the formation of induced relief constituted of four variants.
Junction planes introduced by monoclinic laths growth are 100t and 110t . Also results
show the variants impingement formation along the crystal edge. All these results are in
good agreement with Atomic Force Microscopy (AFM) observations of tetragonal to
monoclinic transformation in zirconia ceramics.
6.2

Introduction
Zirconia based ceramics due to their versatile properties including, strength,

hardness, inertness, low thermal conductivity, smoothness and biocompatibility has
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gained a big contribution in different industries such as thermal barrier coatings (TBCs)
and biomedicine like femoral implants and dental applications [1].
Zirconia has three polymorphs; monoclinic, tetragonal and cubic. For pure
zirconia cubic is stable at temperatures higher than 2640 K to melting, tetragonal is stable
between 1430 K to 2640 K and monoclinic is stable at room temperature up to 1430 K.
Tetragonal zirconia is a metastable phase and under cooling or external stress can
transform to monoclinic [1–3].
Before Garvie’s et al. [4] discovery, zirconia had a little industrial applications
(e.g. refractory). Garvie et al. [4] introduced a new tough zirconia ceramic which has
stable tetragonal phase at room temperature. New stabilized zirconia was resistance to
crack growth as the stress field at crack tip stimulates the tetragonal to monoclinic
(T→M) transformation. This transformation has 5% volume expansion which helps the
crack closure and ceramic toughening [2,5].
T→M transformation is considered as a “double edge sword”. It is favorable in
some applications (e.g. transformation toughening) and unfavorable in other applications
(e.g. low temperature degradation, microcracking) [1,6].
Classically, T→M has been studied in two ways; some scholars studied the
thermodynamic of transformation [7–11] and some others studied the crystallography
[3,12–16] of it. Former group gave some information like start and finish temperature of
transformation and latter group gave some information about habit or twin planes
direction. However, vast application of zirconia ceramics raised several questions that
cannot be answered by any of two mentioned approaches. Questions like how the
evolution of transformation is? What is the stress field of domain after transformation?
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How would final microstructure be under different loadings and boundary conditions?
How would T→M evolve in complicated geometries?
All these questions raise the necessity of a mathematical model that could capture
the T→M evolution. Recently, phase field method has been used for capturing different
kinds of solid state phase transformations either diffusional or diffusionless [17,18].
Phase field is a phenomenological model which uses the basic thermodynamic, kinetics
and crystallography of transformation as input [19]. This method has been used
tremendously in different moving boundary applications from solidification [20] to solid
state phase transformation [21] and crack growth [22].
In martensitic transformation (MT), which T→M is in this category, there are
different phase field approaches based on their order parameters, thermodynamic
potentials, model formulation, and numerical methods. Recently, Mamivand et al. [23]
reviewed and discussed extension of the phase field modeling approach to MT.
Generally, there are three different phase field modeling approaches to study MT based
on Ginzburg-Landau theory [24]. In the first approach, primary order parameters or phase
field variables are considered to be some components of the strain tensor, and
consequently, in this approach the free energy density is a polynomial in terms of strain
components [25–30]. In the second approach, primary order parameters are related to
atomic shuffles, and the free energy is a Landau polynomial in terms of primary order
parameters plus a linear or quadratic term which couples order parameters and the strain
tensor [18,31–38]. The third approach uses the same order parameters as the second
approach, however, it couples the strain tensor components to the order parameter(s)
through a 2-3-4 or higher order polynomial [39–44].
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We recently developed some 2D phase field models for T→M in both single and
polycrystal zirconia [5,45,46] based on a vision advanced by Khachaturyan, Chen and
Wang [21,32,37]. Those models were able to capture some experimentally observed
phenomenon in zirconia like twin morphology, transformation toughening, shape
memory effect, and pseudoelasticity. In this work we present a 3D phase field model for
T→M transformation which is anisotropic and inhomogeneous elastically. The paper is
organized as follows: section 6.2 describes the nature of T→M transformation, including
thermodynamic and crystallography of transformation; section 6.3 presents the process of
developing the governing equations of the phase field model for T→M transformation;
section 6.4 includes model parameters; and section 6.5 presents and discusses the
simulation results for monoclinic embryo evolution and comparison to experimental
results.
6.3
6.3.1

The nature of T→M transformation
Thermodynamic of T→M
Solid state phase transformations can be diffusional or diffusionless. In diffusional

transformations, long range diffusion is required for the growth of the new phases,
however in diffusionless transformations, atoms move only short distances in order to
join the new phases. T→M transformation takes place by a diffusionless mechanism [47].
Diffusionless transformations are classified into two types: I. massive, which takes place
without a definite orientation relationship and atoms can move individually, and II.
martensitic in which atoms have to move in a coordinated manner so there is a shape
change in crystal associated with transformation strains. The nature of the diffusionless
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T→M has been classified as martensitic transformation. The martensitic nature of T→M
was first suggested by Wolten [48].
Wang et al. [49] calculated equilibrium temperature for T→M phase
transformation for pure zirconia and adopted it for assessment of Gibbs free energy of
zirconia in different phases. According to [49], the equilibrium temperature is a
temperature at which the Gibbs free energy of both tetragonal and monoclinic phases are
the same; this temperature for T→M is 13675K , and Gibbs free energies for
monoclinic and tetragonal zirconia are:
M
G ZrO
 1126163 .5  424 .8908 T  69 .38751 T ln T  0.0037588 T 2  683000 T 1 ,
2

(6.1)

T
G ZrO
 5468  4T  GZrO 2 M ,
2

(6.2)

where Gibbs free energies are in J/mole, and the temperature ( T ) is in Kelvin.
6.3.2

Crystallography of T→M
T→M transformation has three correspondences A , B and C (correspondence

determines which atom at the parent phase becomes which atom at the product phase).
They are named based on the ct counterpart on monoclinic crystal, so A , B and C
correspondences show that the ct becomes a m , bm and cm in monoclinic respectively.
This notation system was introduced by Kriven el al. [50].
Each correspondence has two variants (variants are crystallographically
equivalent, but rotated with respect to each other). For example for correspondence C ,
the ct becomes cm but for the two other tetragonal ‘ a ’ axes which are
crystalographically equivalent there is chance to become a m or bm . To distinguish
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between these correspondences variants Hayakawa et al. [51–53] presented another
notation system. They denoted the tetragonal axes by at , bt and ct , even though the at
and bt are crystalographically equivalent, and used three letters notation for different
correspondences and variants. In this notation the first, second, and third letters indicate
at , bt and ct axes counterpart in monoclinic crystal. For instance BAC shows at
becomes bm , bt becomes a m and ct becomes cm and ABC shows at becomes a m , bt
becomes bm and ct becomes cm . These two variants are related by a 90o rotation about ct
which is parallel to cm .
In tetragonal crystal all crystallographic axes are orthogonal, while in monoclinic
zirconia the angle between a m and cm is about 99o [3]. Therefore in the orientation
relationship between two phases all crystallographic axes cannot be parallel. The bm axis
in monoclinic is perpendicular to both a m and cm so if we set the orientation relation
somehow that bm was parallel to one of the tetragonal axes, then one or the other
monoclinic axes ( a m or cm ) could be parallel to the tetragonal axis. This situation
suggests two possible orientations for each variant, OR1 and OR2 . In both orientations
the bm is parallel to tetragonal axis while in OR1 the a m and in OR2 the cm remains
parallel to tetragonal axes [3]. Combination of correspondences, variants and orientations
gives 12 possible monoclinic crystals for each tetragonal crystal in T→M transformation.
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Figure 6.1

Three dimensional schematics of possible monoclinic variants of
correspondence C.

Variants also can be represented by plane and direction notation. For example in

BCA  OR1 , OR1 indicate that a m is un-rotated and because A is in the third place it
replaces the ct so [100 ] m ~ [001 ]t , the bm can always be aligned with tetragonal axis
and since B in in the first place it replaces the at , so [010 ] m ~ [100 ]t . The a m and bm
form a plane which is parallel with its tetragonal counterpart plane so their normal
vectors are parallel too, therefore (001) m ~ (010 ) t . Combining all directional relations,
the BCA  OR1 can be represented as below:
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(001) m ~ (010) t
[100]m ~ [001]t
[010]m ~ [100]t

Table 6.1 shows the all 12 monoclinic variants with their specifications.
Table 6.1

Letter and directional notations of monoclinic variants.
(001)m ~ (001)t

(1)

(3)

(5)

(7)

(9)

(11)

ABC  OR 1

BAC  OR 1

ACB  OR 1

CAB  OR 1

BCA  OR 1

CBA  OR 1

(100) m ~ (100)t

[100]m ~ [100]t

(2)

ABC  OR 2

[010]m ~ [010]t

[010]m ~ [010]t

[001]m ~ [001]t

(001) m ~ (001) t

(100) m ~ (010) t

[100]m ~ [010]t

(4)

BAC  OR 2

[010]m ~ [100]t

[010]m ~ [100]t

[001]m ~ [001]t

(001) m ~ (010) t

(100) m ~ (100) t

[100]m ~ [100]t

(6)

ACB  OR 2

[010]m ~ [001]t

[010]m ~ [001]t

[001]m ~ [010]t

(001) m ~ (100) t

(100) m ~ (010) t

[100]m ~ [010]t

(8)

CAB  OR 2

[010]m ~ [001]t

[010]m ~ [001]t

[001]m ~ [100]t

(001) m ~ (010) t

(100) m ~ (001) t

[100]m ~ [001]t

(10)

BCA  OR 2

[010]m ~ [100]t

[010]m ~ [100]t

[001]m ~ [010]t

(001) m ~ (100) t

(100) m ~ (001) t

[100]m ~ [001]t

(12)

[010]m ~ [010]t

CBA  OR 2

[010]m ~ [010]t
[001]m ~ [100]t

Each monoclinic variant has a self-accommodated variant. Self-accommodating
variants (which accommodate the shear strain) are reflected image of each variant about
its un-rotated plate. For instance in the case of OR1 variants since the am and bm are
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parallel to their tetragonal counterpart axes, the un-rotated plane is am  bm . With the
same logic in the case of OR2 variants the un-rotated plane is cm  bm . Figure 6.2 shows
the all 12 possible variants of T→M transformation in zirconia and their selfaccommodating variants.
Tensorial quantities of self-accommodating variants (including transformation
strain and elastic constant tensor) can be gained by proper reflections form main variants.
The reflection matrixes about different planes are;
1 0 0 
1 0 0 
  1 0 0




R xy  0 1 0
R xz  0  1 0 R yz   0 1 0






0 0  1
0 0 1 
 0 0 1
,
,

(6.3)

where Rxy, Rxz and Ryz are reflection tensors about xy, xz and yz planes respectively.
To calculate the self-accommodate variants tensorial quantities, a right reflection
tensor must be selected. The reflection tensor is calculated based on tetragonal coordinate
system. For example for variant CAB  OR1 the accommodating variant is CAB  OR1 .
Therefore in monoclinic coordinate the reflection is about (001) m but, since the cm in
monoclinic is counterpart of at , the reflection plane is (100)t and its rotation tensor is
R yz . Similarly for CAB  OR2 the accommodating variant is CAB  OR2 and since the

a m is the counterpart of bt the reflection plane is (010 ) t .
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Figure 6.2

6.4

Possible monoclinic variants in T→M transformation and their selfaccommodating variants.

Phase field model
Phase field governing equation for martensitic transformations as the order

parameters (monoclinic variants) are not conserved quantities is Ginzburg-Landau [24]
(or Allen-Cahn [54]) equation. Ginzburg-Landau equation has a phenomenological
character and relates the rate of order parameter to variational derivative of total energy
to the order parameter.
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  p (r, t )
t

 L

F
 p (r, t )

p  1,..., n ,

(6.4)

where  p represent the p th variant of monoclinic, L is the kinetic coefficient, F is the
total free energy of system, F p (r,t) is the thermodynamic deriving force for spatial
and temporal evolution of  p , and n is the number of possible martensite variants. The
value of  p varies from 0 to 1; where  p  1 , variant p th of monoclinic exists, and where

 p  0 , it could be the other variants or the parent phase.
In MT the total free energy is combination of chemical free energy and elastic
strain energy.
F  Fch  Fel .
6.4.1

(6.5)

Chemical free energy
Chemical free energy is the driving force of MT and can be written as [37]:



1 n
Fch    f (1 , 2 ,, n )    ij ( p) i p  j p  dV
2 p1
V 


n  1,..., p

,

(6.6)

where  ij ( p ) is a positive gradient energy coefficient,  is the gradient operator, and
f (1 , 2 , , n ) is the local specific free energy density defining the basic bulk
thermodynamic properties of the system. f (1 , 2 , , n ) can be approximated by the
Landau polynomial in terms of long-range order parameters p . We selected the fourthorder polynomial form for the local specific free energy [41]:
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f (1 , 2 ,, n )  A(12   22     n2 )  (4G  2 A)(13   23     n3 ) 
( A  3G)(12   22     n2 ) 2 ,

(6.7)

where G is the difference in the specific chemical free energy between the tetragonal
and the monoclinic phase (Eq. 6.1 and 6.2), and A is a material property. Free energy
polynomial must give unstable austenite at temperatures lower than austenite critical
temperature (temperature at which austenite lose its thermodynamic stability), so A
simply can be defined as A0 (T  Tc ), A0  0 , where Tc is a austenite critical temperature.
If we assume the equilibrium temperature is average of austenite and martensite start
temperatures, we simply have G  A0 (T  Te ) / 3 [39,41].
We assume that the positive gradient energy coefficient is isotropic (  ij   ij ),
therefore the chemical free energy can be simplified as:


1 n
Fch    f (1 , 2 ,, n )    ( i p ) 2  dV
2 p1
V 

.

6.4.2

(6.8)

Elastic strain energy
In MT, an important contribution to the total free energy comes from the strain

energy caused by the lattice mismatch between the product precipitates and the parent
matrix. It has been shown by Khachaturyan [55] that strain energy can be expressed as a
0
function of the transformation-induced stress free strain  ij (r) . In fact, the degree of

lattice mismatch between precipitates and the matrix can be characterized by stress free
strain. Because of our diffusive interface description, we need to express the stress free
strain in terms of phase field variables; therefore, the local stress free strain is related to
order parameters as following [41]:
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n

 (r)    ij00 ( p) p2 (r),
0
ij

(6.9)

p1

where  ij00 ( p ) is the transformation strain of p th variant. The elastic strain energy of a
system is given by:

Fel 

1
1
 ij ijel dV   Cijkl klel ijel dV ,

2V
2V

(6.10)

where the elastic strain  ijel (r ) is the difference between the total strain,  ijtot ( r ) , and the
stress free strain,  ij (r) :
0









n

 ijel (r )   ijtot (r )   ij0 (r )   ijtot (r )    ij00 ( p) p2 (r)
p1

1  u (r) u j (r)  n 00
   ij ( p) p2 (r)
  i

2  r j
ri  p1



.

(6.11)

The transformation strain [56], eigenstrain [57] or Bain strain [58] are the same
names for stress free strain which is the strain that occurs inside the material during phase
transformation in the absence of external constrains. In martensitic transformations, each
variant has its own stress free strain and can be calculated from lattice parameters of
parent and product. For small strains the transformation strain is [56]:
 ij00 ( p )  U ij ( p )   ij ,

(6.12)

where U ij ( p ) is the symmetric right stretch tensor of deformation gradient which maps
the parent crystal to the p th variant of the product.
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To calculate the transformation strain for all monoclinic variants and their selfaccommodation variants we need to calculate all variants deformation gradient tensors.
Table 6.2 shows the deformation gradient tensors for all monoclinic variants.

Table 6.2

Deformation gradient of all monoclinic variants in T→M transformation.
(β=98.6o)
Deformation
Gradient

Variant

ABC  OR 1

BAC  OR 1

ACB  OR 1

CAB  OR 1

 am
a
 t
0


0

 bm
a
 t
0


0

 am
a
 t
0


0


cm cos( ) 

ct


0

cm sin(  ) 

ct


0
bm
bt
0




cm cos(  ) 

ct
cm sin(  ) 

ct


0

ABC  OR 2

0

cm cos( )
bt
cm sin(  )
bt
0

 cm sin(  )

at

 cm cos( )

at

0



0
am
bt
0


0

0

bm 

ct 

0

0

bm 

ct 

 am sin(  )

at


0

 a cos( )
 m
at


BAC  OR 2

 bm
a
 t
0


0


ACB  OR 2

 am sin(  )

at

cos(
a
)
 m

at

0



0

am
bt

Deformation
Gradient

Variant

CAB  OR 2
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 cm
a
 t
0


0


0
bm
bt
0

0
am sin(  )
bt
am cos( )
bt
0
cm
bt
0

am cos( )
bt
am sin(  )
bt
0


0

0

cm 

ct 

0

0

cm 

ct 

0

0

bm 

ct 

0

0

bm 

ct 

Table 6.2 (Continued)

BCA  OR 1

CBA  OR 1

6.4.3

 bm
a
 t
0


0


0
cm sin(  )
bt
cm cos(  )
bt

 cm sin(  )

at


0

 c cos( )
 m
at


0
bm
bt
0


0

0

am 

ct 

BCA  OR 2


0

0

am 

ct 

CBA  OR 2

 bm
a
 t
0


0

 cm
a
 t
0


0


0
cm
bt
0
0
bm
bt
0




am cos( ) 

ct
am sin(  ) 

ct

0

am cos( ) 

ct


0

am sin(  ) 

ct


Governing equations
The Ginzburg-Landau equation for T→M transformation with the given energy

functional in the previous section is:


 p (r,t)
t



f
Fel 
  L   2 p (r,t) 




 p (r,t)  p (r,t) 


p  1,, n
(6.13)

where f was defined in Eq. 6.7, and
n
Fel
1
  Cijkl  kl00 ( p) p (r,t)(ui, j (r)  u j,i (r))  Cijkl  kl00 ( p) p (r,t)  ij00 ( z ) z2 (r,t)
2
 p (r,t)
z 1
n
1
00
00
 Cijkl  ij ( p) p (r,t)(uk ,l (r)  ul,k (r))  Cijkl  ij ( p) p (r,t)  kl00 (z) z2 (r,t)
2
z 1
(6.14)

The Ginzburg-Landau equations are coupled to the mechanical equilibrium
equations to find the displacement of domain:
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 ij

1
 

 0  Cijkl  (uk,lj (r)  ul,kj (r))   kl00 ( p) ( p2 (r))  0
rj
rj
p
 2

.

6.5

(6.15)

Model parameters
In this work we study the T→M transformation in a 3D single crystal. The

domain size is 1 m  1 m  1 m and we assume the tetragonal crystal is embedded in an
un-transformable matrix except on top surface which is free. Order parameters initial
condition is a monoclinic single embryo and the boundary condition for the i th order
parameter is
n  i  0, i  1,..., p ,

(6.16)

where the n is the surface normal and p is number of order parameters .
The homogeneous constant temperature T 1170 K was considered. We
considered inhomogeneous elasticity and defined a smooth transition from tetragonal to
monoclinic elastic constants through the following equation:
~ ~
~
C  C T [1  ( 1   2     n )]  C M ,

~

(6.17)

~

where CM and C T are monoclinic and tetragonal elastic constants tensors, respectively
and n is the number of order parameters.
To cover inhomogeneity between monoclinic variants the elastic constant tensor
must be customized for each variant. The monoclinic elastic constants given in table 6.5
is for variant ABC and must be changed by proper rotations to fit the other variants. For
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example to change the elastic constants tensor for CAB , we must rotate the ABC tensor
90o about bm and then 90o about new cm .

Figure 6.3

Schematic sequence of rotation procedure from ABC variant to CAB .

Since the rotation sequence for each variant is specific, we can find the variants
final rotation matrix by proper combination of individual axis rotations. If  ,  and 
are rotation angles about x , y and
0
1

Rx  0 cos( )

sin( )
0


z respectively, their rotations matrixes would be,

0 
 cos( ) 0 sin( ) 

 sin( ) , Ry   0
1
0 ,



cos( ) 
sin(
)
0
cos(
)






cos( )  sin( ) 0
Rz   sin( ) cos( ) 0 .


0
1
 0

(6.18)

Monoclinic elastic constants tensor with considering the effect of variants rotation
would be,

~
~M
~M
~M
~M
C M  1  2 C ABC
 3  4 CBAC
 5  6 C ACB
 7  8 CCAB

,
~M
~M
9  10 CBCA  11  12 CCBA
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(6.19)

~
M
M
where the CM is monoclinic inhomogeneous elastic constants tensor and C~ABC
, C~BAC
,
~M
M
M
M
, C~CAB
, C~BCA
, C~CBA
are distinct variants elastic constants tensors.
C ACB

Table 6.3 gives the crystal lattice parameters for both monoclinic and tetragonal.
Using these parameters and deformation gradient tensors in Table 6.2 we can calculate
the stress free strain of all monoclinic variants (Table 6.4).
We used COMSOL Multiphysics to solve the PDEs [59]. The input parameters of
the model are given in Tables 6.5, 6.6, and 6.7.

Table 6.3

Lattice parameters for tetragonal and monoclinic zirconia [60].

Crystal Parameter
Tetragonal
Monoclinic

Table 6.4

a
5.141
5.184

b
5.141
5.207

c
5.2609
5.370

β
900
98.80

Order parameter and stress free strain of different monoclinic variants.
Variant

Self-accommodating variant

Order
parameter

Variant

Stress free strain

Order
parameter

1

ABC

0
 0.0760
 0.0049
 0
0.0117
0 


0
0.0180 
 0.0760

2

ABC

3

BAC

0
0 
0.0117
 0
0.0049  0.0760


 0.0760 0.0180 
 0

4

BAC

6

ACB

8

CAB

10

BCA

12

CBA

5

ACB

7

CAB

9

BCA

11

CBA

 0.0048  0.0769
 0.0769 0.0418

0
 0
 0.0418  0.0769
 0.0769 0.0048

0
 0
0.0117
0

 0
0.0419

 0.0760
 0
0
 0.0419
 0
0.0117

0
 0.0760




 0.0114
0 
0 

 0.0114
0 
 0.0760

 0.0181
 0.0760
0 

 0.0181
0
0
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Variant

Stress free strain
0
0.0760
0.0049
 0
0.0117
0 


0
0.0180
0.0760
0
0 
0.0117
 0
0.0049 0.0760


0.0760 0.0180
 0
0 
0.0048 0.0769
0.0769 0.0418
0 


0
 0.0114
 0
0 
0.0418 0.0769
0.0769 0.0048
0 


0
 0.0114
 0
0
0 
0.0117
 0
0.0419 0.0760 


0.0760  0.0181
 0
0
0.0760 
0.0419
 0
0.0117
0 


0
 0.0181
0.0760

Table 6.5

Elastic constants for monoclinic zirconia (Gpa) [61,62].
C11

C22

C33

C44

C55 C66

361 408 258 100 81

Table 6.6

C12

126 142 55

C23

C26 C36

-21 196 31

C45

-18 -23

Elastic constants for tetragonal zirconia (Gpa) [61,63].
C11

C33

C44 C66 C12

327 264 59

Table 6.7

C13 C16

64

C13

100 62

Numerical values used for calculation.
Temperature (K)

1170

A (N/m2)

2.5e6

Chemical driving force (J.mol-1)

-788

Gradient energy coefficient, β (J.m-1) 2.5 x 10-9

6.6

Kinetic coefficient, L (m3.J-1.s-1)

2

Domain size (µm x µm x µm)

1.0x1.0x1.0

Embryo size (µm x µm x µm)

0.2x0.2x0.2

Results and discussion
We study the evolution of monoclinic embryo in a tetragonal single crystal. We

assume that the tetragonal crystal is embedded in an un-transformable matrix and only
top surface is free. As the strain accommodation is much easier on free surfaces, we put
the monoclinic embryo on top surface.
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Figure 6.5 shows the evolution of a monoclinic embryo in a tetragonal phase
when (100)t is the free surface. For the sake of variant selection freedom we define the
initial embryo as a multi-variant embryo which contains all twelve monoclinic variants
equally. When the evolution starts, system energetically select the favorable variants and
suppress unfavorable ones. In our case study (when (100)t is free surface), results show
that system let the variants of correspondence C including ABC , ABC , BAC , and

BAC grow and dissipate the other variants.
Deville et al. [6,64,65] studied the surface relief resulting from tetragonal to
monoclinic transformation by atomic force microscopy (AFM). They discussed a
particular case where [001]t is perpendicular to free surface. They showed for having a
surface uplift on (001)t , only possible variants are ABC and BCA. These variants have
shape strain directions with a common large component along the ct axis and a common
free surface. Their phenomenological crystallographic calculations and energetically
reasoning make BCA variant energetically unfavorable and unlucky to happen. Phase
field simulation results also show that when (001)t is the free surface, only variants of
correspondence C would form on free surface (Figure 6.4). These variants are the ones
which reject the most volume change toward the surface. Therefore, there will be a large
decrease in transformation induced elastic stress within the volume.
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Figure 6.4

Formation of variants of correspondence C as surface uplift on (001) t
(The green is tetragonal phase).
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Figure 6.5

Evolution of monoclinic embryo on tetragonal single crystal in volume
(first column) and isosurface (η=0.5).

(Green is tetragonal, orange is variant ABC , light blue (cyan in isosurface) is variant
ABC , red is variant BAC , and dark blue is variant BAC ).
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When the favorable variants were selected, at the initial growth, system arrange
them in a way that provides the maximum strain accommodation. Phase field model
shows that surface uplift is locally constituted by a set of four variants which have {100}t
and {110}t junction planes. The junction planes of these variants are all perpendicular to
the free surface, so that the overall long-range lateral stress is almost totally suppressed.
Figure 6.6 shows a comparison between phase field simulation results and AFM
micrograph of surface relief resulting from martensitic tetragonal to monoclinic
transformation [6]. Cross section of experimental picture is not perfect rectangular
because ct is a little tilted with respect to surface normal.

Figure 6.6

Surface uplift on (001)t free surface due to tetragonal to monoclinic
transformation in zirconia. Comparison between phase field simulation
(left) and AFM micrograph (right) [6]. (The simulation size is 1µm x
0.5µm)

Figure 6.7 shows the isosurface graph of monoclinic variant formation when the
free surface is (001)t . Habit planes which are interfaces between the matrix and the
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martensite are unchanged during the transformation. The other interfaces which form
between different martensite variants are junction planes. These planes are of the kind
{100}t or {110}t and their triple junction line is along [100]t . The same results have been
shown in some other experimental works [66–68].

Figure 6.7

Arrangement of four monoclinic variants outside (left) and inside (right)
the tetragonal phase when the free surface is (001)t.

Another common phenomenon in tetragonal to monoclinic transformation in
zirconia is the variant impingement, which can happen when the translation along one
axis, for example a in our case, is large enough. When a monoclinic lath forms, it
imposes a very large shear strain (16%) and volume increase (4%) to the surrounding
zone of transformed material. This back stress may pile up and stop the phase
transformation or it might trigger another transformation in neighboring system. It worth
noticing that the formation of self-accommodating variant pairs reduce the long-range
overall shear strain, as the shear in the variants of pair is opposite and equal. A
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comparison between phase field model result and AFM micrograph of variant
impingement formation has been shown in figure 6.8.

Figure 6.8

6.7

Variants impingement in T→M transformation. (left) Phase field model
(right) AFM micrograph [6].

Conclusion
A three dimensional phase field model has been presented to capture the evolution

of tetragonal to monoclinic phase transformation in zirconia. Twelve order parameters
have been assigned to twelve possible monoclinic variants. The elastic inhomogeneity
has been considered between tetragonal and monoclinic and different monoclinic variants
with themselves. The model shows high fidelity as the simulation results reproduced the
main crystallographic, kinetics, and morphological features which were observe by
experiments to be characteristic of the transformation.
The results show for the case when (001) t is free surface, only variants of
correspondence C will grow and they will form a surface uplift constituted of four
monoclinic variants. These observations have been also reported in the experimental
studies of Deville el al. [6,64,65]. They also reported the formation of junction planes
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from the families of {100}t , {110}t which was well predicted by phase field model. The
model also show that all habit planes and junction planes remain unchanged during phase
transformation. The model also was able to predict the formation of variants
impingement which is very common in tetragonal to monoclinic phase transformation in
zirconia.
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